CHAPTER 5 


NORMED SPACES AND 
L p-SPACES 


27. NORMED SPACES AND BANACH SPACES 


Problem 27.1. Let X be a normed space. Then show that X is a Banach space 
if and only if its unit sphere {x € X: ||x|| = 1} is a complete metric space (under 
the induced metric d(x, y) = ||x — y||). 


Solution. Let S = {x € X: ||x|| = 1}, and note that S is a closed set. Clearly, 
if X is a Banach space, then S is a complete metric space. 

Conversely, assume that $ is complete. Let {x,} be a Cauchy sequence of X. 
In view of the inequality 


| xn ll — Ilm l | < |lxn — Xml, 


we see that {||x„ ||} is a Cauchy sequence of real numbers. If lim ||x,|| = 0, then 
lim x, = 0. So, we can assume that ô = lim ||x,|| > 0. In this case, we can also 
assume that there exists some M > 0 such that E < M and ||x,|| < M both 
hold for each n. The inequalities 


| = Za || pom I Xm bn — l] Xn Xm) || 

BA Xml We Wn Ml [ml 

M? || l\xmll(Xn — Xm) — (xnl — ml) Xm | 
< 2M? ||xp — Xml, 


1A 


show that the sequence { ;“*/} is a Cauchy sequence of S. If x is its limit in S, 


then x, = ||x,|I - Hi —> 6x holdsin X, and so X is a Banach space. 


Problem 27.2. Let X be a normed vector space. Fixa € X and a nonzero 
scalar a. 
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a. Show that the mappings x |> a +x and x +> ax are both homeomor- 
phisms. 

b. If A and B are two sets with either A or B open and a and B are nonzero 
scalars, then show that aA + BB is an open set. 


Solution. (a) Observe that ||(@ + x) — (a + y)|| = |lx — y|| holds for all x and 
y. This shows that x +> a + x is, in fact, an isometry. 

Also notice that for all x, y € X we have |lax — ay|| = |a| - |x — yll. This 
easily implies that x +> ax is ahomeomorphism. 

(b) Assume first that B is an open set. Since the mapping x +> a +x isa 
homeomorphism, we know that a + B is an open set foreach a € X. This implies 
that the set A + B = |),.,(@ + B) is an open set for each subset A of X. 

Now, assume that B is an open set and that a and £ are nonzero scalars. Since 
the mapping x +> x is ahomeomorphism, the set £B is an open set. So, by the 
preceding discussion, aA + 6B must be an open set. 


Problem 27.3. Let X be a normed vector space, and let B = {x € X: ||x|| < 1} 
be its open unit ball. Show that B = {x € X: ||x|| < 1}. 


Solution. Repeat the solution of Problem 6.2. 


Problem 27.4. Let X be a normed space, and let {xn} be a sequence of X such 
that limx, = x holds. If y, = n~'(x; + --- + xn) for each n, then show that 
limy, = x. 


Solution. Let £ > 0. Choose some k with ||x, — x|| < £ forall n > k. Fix 
some m > k so that RES — x) +- +(x — x)]|| < £ holds for all n > m. 
Thus, if n > m, then 


Yn—Xl) = | i -HHE — x) + Oren =H Hn- xD] | 
< |l2[@s—x) +--+ Ge — x) + [Mea — x +--+ + fen — xl] 
<ée+e=2e. 


That is, lim y, = x holds. (See also Problem 4.11.) 


Problem 27.5. Assume that two vectors x and y in a normed space satisfy 
lx + yl] = lxil + llyl]. Then show that 


lax + By|| = a|lx|| + Bllyll 
holds for all scalars a > 0 and B > 0. 


Solution. Assume ||x + y|| = |lx|| + |ly|| holds for two vectors x and y in a 
normed space, and let a > 0 and 6 > 0. Without loss of generality, we can 
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suppose that a > 6 > 0. From the triangle inequality, it follows that 


llax + Byll < axl + yll 


Next, notice that 


lax + Byll = a(x + y) + (B -a)y| 

lee + y)| — 16 -v| 

ax + yl] — (œ — Allyl = a (lxi + Iyl) — @ — Allyl 
al|xl] + Bilyll. 


iH IV 


Hence, |lax + By|| = @||x|| + Blly|], as desired. 


Problem 27.6. Let X be the vector space of all real-valued functions defined on 
[0, 1] having continuous first-order derivatives. Show that || f \| = |fO +I fllo 
is a norm on X that is equivalent to the norm || f Ilo + || f’ Ilo. 


Solution. The verification of the norm properties of || - || are straightforward. 
From 


f(x) = f)+ Í fiat, 


we see that |f (x)| < |f (|+ Il f'lloo holds foreach x € [0, 1], and consequently, 
WF llo < |FO)| + Il F'lloo holds. 


The equivalence of the two norms follows from the inequalities 


WF lloo + WF 'lloo < IFO) + 211f'lloo < 2(IF | + Ifo) 
= If ll < 2(IIflloo + IF loo): 


Problem 27.7. A series )->~.,Xn in a normed space is said to converge to x if 
lim |x — $; _ixill = 0. As usual, we write x = } Xn. A series Y% Xp is 
said to be absolutely summable if X°; ||xn|| < co holds. 

Show that a normed space X is a Banach space if and only if every absolutely 
summable series is convergent. 


Solution. Let X beaBanach space, and let }~°° , x, be an absolutely summable 
series. For each n let s, = )°/_, xi. The inequality 


[ssp —Sel= | Sex| EDDI 


i=n+l i=n+l 


implies that {s,} is a Cauchy sequence, and hence, convergent in X. 
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For the converse, let {x,} be a Cauchy sequence in a normed space X whose 
absolutely summable series are convergent. By passing to a subsequence (if nec- 
essary), we can assume that ||x,4) —x,|] < 2” holds foreach n. Put x9 = 0, and 
note that J `c [lxn41 —Xnll < 00. Thus, limp +00 Xio (Xi41 — x1) = lita +00 Xn 
exists in X so that X is a Banach space. 


Problem 27.8. Show that a closed proper vector subspace of a normed vector 
space is nowhere dense. 


Solution. Let E bea proper closed subspace of a normed space X. Assume that 
E has an interior point a. Then, there exists some r > 0 ee that B(a,r) G E. 
Now, if y is an aaea nonzero element of X, then a + sy € B(a,r) CE, 
and so y = Welfa + api) — 4]€ E. That is, E = X holds, a contradiction. 
Thus, E° = rd 


Problem 27.9. Assume that f:[0,1] — R is a continuous function which is 
not a polynomial. By Corollary 11.6 we know that there exists a sequence of 
polynomials {p,} that converges uniformly to fa Show that the set of natural 
numbers 


{k e N: k = degree of p, for some n} 
is countable. 


Solution. Let f:[0, 1] — R be a continuous function which is not a polynomial, 
and let {pn} be a sequence of polynomials that converges uniformly to f on [0, 1]. 
Assume by way of contradiction that the set of natural numbers 


= {k e IN: k = degree of p, for some n} 


is bounded. This means that there exists some m € N such that every p, has 
degree at-most m. So, if V is the finite dimensional vector subspace generated in 
C0, 1] by the functions {1, x, x”, ..., x’"}, then {pa} © V holds. Now, a glance 
at Theorem 27.7 guarantees that V is a closed subspace of C[0, 1], and thus the 
(sup) norm limit f of {p,} must lie in V. That is, f must be a polynomial of degree 
at-most m, contrary to our hypothesis. Hence, K is not bounded, and therefore it 
must be a countable set; see Theorem 2.4. 


Problem 27.10. This problem describes some important classes of subsets of a 
vector space. A nonempty subset A of a vector space X is said to be: 


a. symmetric, ifx € A implies —x € A, i.e., if A= —A; 
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b. convex, if x,y € A implies Ax + (1 — à)y € A forall0 <i < 1, i.e., 
for every two vectors x, y € A the line segment joining x and y lies in 
A; and 
c. circled (or balanced) if x € A implies Ax € A for each \A| < 1. 
Establish the following: 


i. A circled set is symmetric. 
ii. A convex and symmetric set containing zero is circled. 
iii. A nonempty subset A of a vector space is convex if and only ifaA+bA = 
(a + b)A holds for all scalars a > 0 and b > 0. 
iv. If A is a convex subset of a normed space, then the closure A and the 
interior A° of A are also convex sets. 


Solution. (i) Let A be a circled set. Since | — 1] = 1 < 1, it follows that 
—x = (—1)x € A foreach x € A. Thus, A is a symmetric set. 

(ii) Let A be a convex symmetric set containing zero. Fix x € A and |A| < 1. 
If O < A < 1, then Ax = Ax + (1 —A)0 €e A and if —1 < à < 0, then 
Ax = (—A)(—x) + (1 +.A)0 € A. So, A is a circled set. 

(i) Let A be a subset of a vector space. Assume first that A is a convex set, and 
leta > Oandb > 0. Ifx e (a +b)A = {(a + b)u: u € A}, then for some u € A, 
we have x = (a + b)u = au + bu € aA + bA, and so (a + b)A C aA +bA 
is always true. Now, let x € aA + bA. Then, hes exist 4, 1. € A such that 
x = au + bv. Since A is convex, we have z = = eu € A, and so 
e= (a+b)[4,u+7%0] = (a+b)z € (a+b)A. muren rey, C (a+b)A 
is also true, and consequently aA + bA = (a+ D)A. 

Next, suppose that aA + bA = (a + b)A holds true for all a > 0 and b > 0. 
Let x, y € A and0 <A < 1. Letting a = A and b = 1 — À, we see that 


Ax+(1-—A)y = ax + by € (a + b)A = A. 


This shows that A is a convex set. 

(iv) Let A be a convex subset of a normed space. We show first that A is a convex 
set. To this end, let x, y € A and fix 0 < A < 1. Pick two sequences {xn} and {y,} 
of A such that x, — x and y, —> y. Putz, = Ax, +(1—A)y, and note that {z,} is 
a sequence of A. Since the function f: X — X, defined by f(u) = Au+(1—A)u, 
is continuous (see P Problem 27.2), it follows that z, — Ax+(1—A)y. This implies 
Ax + (1 —A)y € A, so that A is a convex set. 

Next, we shall show that A? is a convex set. Fix 0 < A < 1. Since A?® is an 
open set, it follows (from Problem 27.2) that the set AA°® + (1 — A)A°® is also an 
open set, which (since A is convex) is contained in A. Since A° is the largest open 
set contained in A, we infer that AA° + (1 — A)A®° C A?®. This shows that A° is 
a convex set. 
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Problem 27.11. This problem describes all norms on a vector space X that are 
equivalent to a given norm. So, let (X, || - ||) be a normed vector space. Let 
A be a norm bounded convex symmetric subset of X having zero as an interior 
point (relative to the topology generated by the norm ||- ||). Define the function 
pa: X > Rby 


pa(x) = inf{A > 0: x € AA}. 


Establish the following: 
a. The function p4 is a well-defined norm on X. 
b. The norm p4 is equivalent to ||- ||, i.e., there exist two constants C > O and 


K > 0 such that C\\x|| < pa(x) < K||x|| holds for all x € X. P 
c. The closed unit ball of pa is the closure of A, i.e., {x € X: pa(x) < 1} =A. 
d. Let |||- ||| be a normon X which is equivalent to || - ||, and consider the norm 

bounded nonempty symmetric convex set B = {x € X: |||x|l| < 1}. Then 

zero is an interior point of B and \\\x||| = pg(x) holds for each x € X. 


Solution. Assume that A is a norm bounded convex symmetric subset of a 
normed space (X, || - ||) such that zero is an interior point of A. 


(a) Pick somer > 0 such that B(0, 2r) = {x € X: ||x|| < 27} C A. Ifx e X is 
anonzero vector, then ag e B(O, 2r) C A, and sox € kI A. This shows that the 
set {A > 0: x € AA} is nonempty and so the formula p4(x) = inf{A > 0: x € AA} 
is well defined and satisfies 


Pa(*) <r|lxll (x) 


for all x € X. Next, we shall show that p4 is a norm on X. 

Clearly, pa(x) > 0 and p4(0) = 0. Now, if pa(x) = 0, then there exist 
a sequence {a,} C A and a sequence {A,} of positive real numbers satisfying 
An —> Oand x = i,,a, for each n. Since A is a norm bounded set, it easily follows 
that x = lim A,,a, = 0. Thus, pa(x) = 0 if and only if x = 0. 

Next, we shall show that p4(@x) = |a|p,(x) holds for alla € R and all x € X. 
Since A is symmetric, we have 


{A > 0: Ax € A} = {A > 0: A(—x) € A}, 


and so for proving p,(ax) = |a|p,(x), we can suppose without loss of generality 
that a > 0. Now, note that 


palax) 


inf(A > 0: ax € AA} = inf{A > 0: x € ÈA} 
ainf{*; x € A} =qinf(u > 0: x € pA) 
apa(x). 
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For the triangle inequality, let x, y € X and fixe > 0, Choose à > Oandx € AA 
such that A < pa(x)+e€. Likewise, pick some > 0 such that y € pA and 
u < pa(y) +e. From Problem 27.10 we know that x+y € AA+yHA = (A+p)A, 
and so 


pax ty) <à +u <[pa(x) +e] + [paly) + €] = pax) + pay) + 2e. 


Since € > 0 is arbitrary, we infer that pa(x + y) < pa(y) + pa(y). 

(b) Let x € X and fix some M > 0 such that |la|| < M holds for alla € A. 
Now, if A > 0 satisfies x € ÀA, then there exists some y € A such that x = Ay. 
Hence, ||x|| = Allyl] < AM, or A > ||x||/M. This implies p(x) = + lx. Now, 
combine this inequality with (*) to establish that p4 is a norm equivalent to || - ||. 

(c) Assume first that pa(x) < 1 and x # 0. Then for each n there exist 
O<A,<1+ 2 and a, € A such that x = À„an. By passing to a subsequence, we 
can assume A, — i. Since x Æ 0 and A is a norm bounded set, it easily follows 
that 0 < A < 1. Now, note that the sequence {a,} C A satisfies a, = x > ix, 
and so +x € A. Since A is also a convex set (see Problem 27.10), we see that 
x =A(ix)+(1-Ae A. 

Now, let x € A. Then, there exists a sequence {x} C A such that ||x, —x || —> 0. 
Since || - || is equivalent to pa, we also have pa(x, — x) — 0. In particular, 
Pa(Xn) > pa(x). Now, notice that since x, € A, we have pa(x,) < 1 for each n. 
This implies p4(x) < 1. Therefore, the closed unit ball of p4 is A. 


(d) Let |||- ||| be a norm on X which is equivalent to || - ||. It is easy to check that 
the closed unit ball B of ||| - ||| is a bounded convex and symmetric set containing 
zero as an interior point. We shall show next that |||x||| = pg(x) holds for each 
xeEeXx. 


To see this, let x € X be a nonzero vector. Since x/|||x||| € B, we see that 
pe(x)/Mlxll| = pe(x/Ilxlll) < 1, and so pg(x) < |\|x|||. On the other hand, there 
exist a sequence {/,,} of positive real numbers and a sequence {b,,} of B such that 
Àn > Pp (X), bn € B and x =A,b, for each n. Since |||x||| = A, |||bn ll] < An, we 
easily infer that |||x||| < pa(x). Hence, pg(x) = |||x||| for each x € X. 


28. OPERATORS BETWEEN BANACH SPACES 


Problem 28.1. Let X and Y be two Banach spaces and let T:X — Y bea 
bounded linear operator. Show that either T is onto or else T (X) is a meager set. 


Solution. Assume that T(X) is not a meager set. Then, we have to show that 
T(X) =Y holds. 

Let V = {x € X: Ixl < 1}. Since (by assumption) T (X) is not a meager 
set, some nT(V) = nT(V) has an interior point. This implies that T(V) has 
an interior point. So, there exists some yo € T(V) and some r > O such that 
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B(y, 2r) € T(V) = -T(V). Note that if y € Y satisfies ||y|| < 2r, then 
Y— yo = —(yo — y) € T(V) and so y = (y — yo) + yo € T(V) + TV) c 
2T(V). (The last inclusion follows, of course, from the identity V + V = 2V.) 
Consequently, we have established that {y € Y: |lyl| < r} < T(V). From the 
linearity of T, we infer that 


{yeY: lly <2"r} C2°TWV) =TQ-V) (+x) 


holds for each n. 

Next, let y € Y be fixed such that ||y]| < 27'r = 5. From (««), we know 
that y € T(2-'V). So, for some vector x; € 27!V we have ||y —T(x)|| < 
2~*r. Now, proceed inductively. Assume that x, €2-"V has been selec- 
ted such that |y — Di T(x;)|| < 2-"-'r. From (x«) it follows that y — 
Via TQ) € T(2-*-'V), and so there exists some x,4; € 2~"~!V_ such that 
| y— a T (xi)|| <2-"~*r. Thus, there exists a sequence {x,} of X such that 


lxnl| < 27” and 


b-ġrol= p-r) 
ot i=l 


hold for each n. Now, for each n let Sn = x; +---+., and note that the relation 


n+p n+p fore) l 
lsa+p — sn || = | xi | eD als A a a 
i=n+1 i=n+1 i=n+1 


shows that {s,} is a Cauchy sequence of X. Since X is a Banach space, the 
sequence {s,} converges; let s = lims,. Clearly, Isl < EZ; |lxnl] < 1 (ie., 
s € V), and by the continuity and linearity of T, we see that 


n 
T(s)= lim T(s,) = lim X Tx) =y 
n> 00 n> 00 i=l 


That is, y € T(V), and so {y € Y: ||yl| < $} € T(V) S T(X). Since T(X) isa 
vector subspace of Y , the latter inclusion implies that T(X) = Y must hold. 


Problem 28.2. Let X be a Banach space, T: X — X a bounded operator, and 
I the identity operator on X. If \\T \| < 1, then show that I —T is invertible. 
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Solution. If A, B € L(X, X), then the inequalities 
Bx] < [Al [Bx] < JAN- [B te 


easily imply that ||AB|| < ||Alj - |B|]. In particular, if a sequence {A,} of 
operators of L(X, X) satisfies lim A, = A in L(X, X) and B e L(X, X), then 
the inequality 


|BAn — BA| = |B(A, — A|| < |B] An ~ Al 


shows that lim BA, = BA. Similarly, lim A,B = AB. 
Now, assume T € L(X, X) satisfies ||T |} < 1. In view of the inequality 
7" || < IIT ||”, it follows that 


foe) foe) 
n 
pee =D iT) = r <o. 
n=0 


n=0 


Thus, ae T” is an absolutely summable series. Since L(X, X) is a Banach 
space, S = yee T” converges in L(X, X); see Problem 27.7. Moreover, 


(I —T)S = Jim I — n(Y Ti) = lim (J Se ha 


and similarly S(7 — T) = 1. Therefore, S = (I — TY. 


Problem 28.3. On C[0, 1] consider the two norms 


1 
I flloo = sopii f (Œ): x €[0,1]} and fl = Í fol dx. 


Then show that the identity operator I:(C[0, 1], || « Ilo) —> (C[0, 1], I- IIx) is 
continuous, onto, but not open. Why doesn’t this contradict the Open Mapping 
Theorem? 


Solution. Clearly, / is onto, and in view of the inequality || fll, < || fllo, we 
see that / is also continuous. 

For the rest of the proof, we need to show that (c [0, 1], ||- Il 1) is not a Banach 
space. To establish this, consider the sequence { f,} of continuous functions whose 
graphs are shown in Figure 5.1. 

The inequality || f,4» — fnlli < + shows that {fya} is a Cauchy sequence for 
the norm ||- ||}. Assume by way of contradiction that lim || fa — fll) = 0 holds 
for some f e C[0, 1]. 
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FIGURE 5.1. 


Let a € (0, +). If f(a) Æ 1, then there exist some ¢ > 0 and some 0 < 6 < 
min{a,  —a} such that | f(x) — 1| > £ holds whenever |x — a| < 5. Now, note 


that 25e < a fax) — f(x)| ax = || fa — f ll, for all sufficiently large n, contrary 
to lim || f, — flı = 0. Thus, f(a) = 1 holds for all a € (0, $). Similarly, 
f(a) =0 forall a € (5, 1). Now, it is readily seen that f cannot be a continuous 
function, contrary to f € C[0, 1]. Thus, {fa} does not converge in C[0, 1] with 
respect to the ||- ||; norm. 

Finally, 7: (C[0, 1], ll - llo) — (C[O, 1], || - ll1) cannot be an open mapping. 
Since otherwise, || - ||; and ||- ||... would be equivalent norms, and therefore 
(C0, 1], ll - 1) would be a Banach space. 


Problem 28.4. Let X be the vector space of all real-valued functions on {0, 1} 
that have continuous derivatives with the sup norm. Also, let Y = C{0, 1] with 
the sup norm. Define D: X > Y by D(f) = f’. 


a. Show that D is an unbounded linear operator. 
b. Show that D has a closed graph. 
c. Why doesn’t the conclusion in (b) contradict the Closed Graph Theorem? 


Solution. (a) The standard properties of differentiation guarantee that D is a 
linear operator. Now, for each n let f,(x) = x". Then, fa € X and || fallo = 
sup{|fn(x)|: 0 < x < 1} = 1 for each n. Now, notice that D(f,)(x) = nx" 
holds for each n, and from this it follows that 


IDI = |D(fadlloo = sup{nx""!: 0 < x < 1} =n, 


Therefore, ||D || = 00, and so D is an unbounded operator. 
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(b) To see that D hasa closed graph, assume fa —> 0 in X and Df, = f > 8 
in Y. That is, {fa} converges uniformly to zero, and { f/} converges uniformly 
to g. We have to show that g = 0. 

From fo fi(t)dt = fn(x) — fa(0) (and Problem 9.16), it follows that 


[soa = lim d fit) dt = lim [fr(x) = A00 
0 Ma? CO jjo) n—> oo 


holds for all x € [0, 1]. Differentiating, we get g(x) = 0 for each x e€ (0, 1], as 
required. (See also Problem 9.29.) 

(c) The conclusion in (b) does not contradict the Closed Graph Theorem since 
X is not a Banach space. For instance, we know (from Corollary 11.6) that every 
function f € C[0, 1] is the uniform limit of a sequence of polynomials. So, if 
f € C[0, 1] is a nondifferentiable continuous function and {p,} is a sequence of 
polynomials that converges uniformly to f, then {p,} is a Cauchy sequence of X 
which cannot converge in X. 


Problem 28.5. Consider the mapping T: C[{0, 1] — C[0, 1] defined byT f(x) = 
x? f(x) for all f € C[0, 1] and each x € [0, 1]. 
a. Show that T is a bounded linear operator. 
b. IfI:C[0,1] — C[0, 1] denotes the identity operator (i.e., 1(f) = f for 
each f € C[0, 1]), then show that |I +T =1+|T]. 


Solution. (a) From the identities 
T(f + g(x) = xf + gx) =x? f(x) +x79(x) = (TF +Tg)(x) 
and 
T (af Xx) = ax’ f(x) = (aT f)(x), 


we easily infer that T is a linear operator. For the norm of T, note that for each 
f € C[0, 1] we have 


ITfllo = sup |Tf(x)| = sup x?|f(x)| < sup IFO = Ifilo, 
xe[0,1] xe[0,1] xe[0,1] 


and so ||T || < 1. On the other hand, for the constant function 1, we have 


ITI > IT Moo = sup x? =1. 
xe[0,1] 


Thus, ||T || = 1, and so T is a bounded operator, 
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(b) Clearly, |Z + 7 || < IZI + IT || = 1+ 1 = 2. Moreover, we have 


IZ +T > NU +T) = sup (1 +x?) =2, 
xeé[0,1] 


and so || + 7 || = 1 + ||T || = 2 holds true. 


Problem 28.6. Let X be a vector space which is complete in each of the two 
norms || - ||; and ||- ||2. [fthere exists areal number M > 0 such that ||x\|,; < M||x|l2 
holds for all x € X, then show that the two norms must be equivalent. 


Solution. The identity operator /:(X, || - l2) —> (X, ||- Ili) is one-to-one, 
continuous, and onto. By the Open Mapping Theorem it is a homeomorphism, 
and the conclusion follows. 


Problem 28.7. Let X,Y, and Z be three Banach spaces. Assume that T: X —> Y 
is a linear operator and S: Y — Z is a bounded, one-to-one linear operator. Show 
that T is a bounded operator if and only if the composite linear operator S o T 
(from X into Z) is bounded. 


Solution. Assume that S$ o T is a bounded operator. Let x, — O in X and 
T(x,) > y in Y. Using that S oT and S are both continuous, we get 


S(y) = lim S(T (xn) = lim S o T (xn) = 0. 


Since § is one-to-one, we infer that y = 0, and hence—by the Closed Graph 
Theorem—the operator T is continuous. 


Problem 28.8. An operator P:V — V ona vector space is said to be a pro- 
jection if P? = P holds. Also, a closed vector subspace Y of a Banach space is 
said to be complemented if there exists another closed subspace Z of X such that 
Y@Z=X. 

Show that a closed subspace of a Banach space is complemented if and only if 
it is the range of a continuous projection. 


Solution. Let Y be a closed subspace of a Banach space X. Assume first that 
there exists a continuous projection P: X —> X whose range is Y, i.e., P(X) =Y. 
From P? = P, it follows that Y = 19 6 Xi y = Py}. 

If 1: X —> X denotes the identity operator, let Z = (J — P)(X), the range of 
the continuous operator 7 — P. Clearly, Z is a vector subspace of X and in view 
of x = Px + (J — P)(x), we see that Y + Z = X. Now, if u € Y N Z, then 
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u = z — Pz for some z € Z, and sou = P(u) = P(z — Pz) = P(z) — P?(z) = 0. 
This means that Y ® Z = X. Finally, to see that Z is also closed, assume that a 
sequence {z,} of X satisfies (J — P)(z,) —> z. Then, the continuity of P implies 
0 = P(/ — P)(z,) > Pz, and so Pz = 0. Hence, z = (J — P)(z) € Z, proving 
that Z is also closed. Thus, Y is a complemented closed subspace. 

For the converse, assume that Z is a closed subspace such that Y @ Z = X. So, 
for each x € X there exist y € Y and z € Z (both uniquely determined) such 
that x = y +z. Define an operator P: X — X via the formula P(x) = y, where y 
satisfies x — y € Z. We claim that P is a continuous projection whose range is Y. 

Notice first that P is a linear operator. Also, P?(x) = P(y) = y = P(x) holds 
for each x € X, so that P is a projection. Clearly, the range of P is Y. To finish 
the proof, we must show that P is also continuous. For this, it suffices to show (in 
view of the Closed Graph Theorem) that P has a closed graph. 

To this end, assume that a sequence {x,,} of X satisfies x, — x and P(x,) > y 
in X. For each n let x, = yp, +2Zn, where y, € Y andz, € Z. Clearly, yn = P (xn) 
for each n. Since Y is a closed subspace, it follows that y € Y. Now, from 
Zn = Xn — Yn — x — y and the closedness of Z, we infer that z = x — y € Z. 
Thus, x = y +z, and so y = P(x). This shows that P has a closed graph, and we 
are done. 


29. LINEAR FUNCTIONALS 


Problem 29.1. Let f: X — R be a linear functional defined on a vector space 
X. The kernel of f is the vector subspace 


Ker f = f—'({0}) = {x EX: f(x) =0}. 


If X is a normed space and f: X — R is nonzero linear functional, establish the 
following: 

a. f is continuous if and only if its kernel is a closed subspace of X. 

b. f is discontinuous if and only if its kernel is dense in X. 


Solution. (a) Clearly, if f is continuous, then its kernel f~'({0}) is a closed 
set. For the converse, assume that f #0 and that f—!({0}) is a closed set. Pick 
some e € X with f(e) = 1. 

Suppose by way of contradiction that || f || = oo. Then, there exists a sequence 
{xn} of X with ||x,|| = 1 and |f(x,)| > n for each n. Note that the sequence 
{yn}, defined by yn = e — 7/5, satisfies yn € f~'({0}) foreach n and y, —> e. 
Since the set _f~!({0}) is closed, it follows that e € f—'({0}), and so f(e) = 0, 
which is a contradiction. Thus, f is a continuous linear functional. 
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(b) If Ker f is dense in X, then Ker f is not closed and hence, by part (a), f is not 
continuous. For the converse, assume that f is a discontinuous linear functional, 
i.e., || f || = oo. This implies (as in the previous part) that there exists a sequence 
{xn} of X satisfying ||x,|| = 1 and | f(x,)| > n for each n. Now, if x € X and 
Yn =X Ce Xn then {yn} is a sequence in Ker f and satisfies y, —> x. This 
shows that Ker f is dense in X. 


Problem 29.2. Show that a linear functional f ona normed space X is discon- 
tinuous if and only if for each a € X and eachr > 0, we have 


F(B(a,r)) = { f(x): lla -xl <r} =R. 


Solution. Let f be a linear functional on a normed space X and let B = 
B(O, 1) = {x € X: ||x|] < 1}. Assume that f is discontinuous. Fix a € X and 
r > 0. From the relation B(a,r) = a+rB(0,1)=a+rB and the linearity of 
f, it follows that f (BG, r)) = R holds if and only if f(B) = R. 

We claim first that f(B) is unbounded from above in R. To see this, assume 
by way of contradiction that there exists some M > 0 such that f(x) < M holds 
for each x € B. Note that if x € X satisfies ||x|| < 1, then +ix € B, and so 
from 


+3 f(x) = f(+}x) < ¥, 


we see that |f(x)| < M holds for all x € X with ||x|| < 1. That is, || f|] = 
sup{| F(x): Yxi < 1} < M < ow, and so f is a continuous linear functional, a 
contradiction. Thus, f(B) is unbounded from above in R. Now, let œ > 0 be an 
arbitrary positive real number. By the above, there exists some x € B satisfying 
f(x) > a. Now, note that the element y = Fa € B satisfies f(y) = a (and, 
of course, —y € B satisfies f(—y) = —a). Consequently, f (B) = R. 

For the converse, assume that f (B(a,r)) = R holds foreach a € X and each 
r > 0. In particular, from 


00 = sup{|f(x)|: (ll < $} < supfi fE: Ixl <1) = IfI, 


we see that || || = oo. Thus, f is unbounded and so (by Theorem 28.6) f isa 
discontinuous linear functional. 


Problem 29.3. Let f, fi, fo,..., fn be linear functionals defined on a com- 
mon vector space X. Show that there exist constants d,..., Àn satisfying f = 
Dini Ài fi (ie, f lies inthe linear span of f, ... , fa) ifand only if MẸ_; Ker f; E 
Ker f. 
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Solution. If f = }`;_; Ai fj holds, then clearly ()j_, Ker f; C Ker f. For the 
converse, assume ();_, Ker f; C Ker f. Let 


V ={y €R": 3x €X such that y = (f\(x), ha), fn(x))}. 


It is easy to verify that V is a vector subspace of R”. Now, define the linear 
functional g: V —> R via the formula 


EAO AE ..., fr) = FO). 
Notice that g is well defined. To see this, assume 


(fix), fol), -.-, falx)) = (10), AO), -s fa). 


Then, f;(x — y) = 0 for each i, and so x — y € ( };_, Ker f;. From our hypothesis, 
it follows that x — y € Ker f, which means that f(x) = f(y). Now, it is a routine 
matter to verify that g is linear. 

Denote by g again a linear extension of g to all of R”. This implies that 
there exist scalars 4;,...,A, such that g(z1,...,Zn) = )07_, Aiz; holds for all 
(Zi, .--, Zn) € R”. In particular, we have 


Fey — Fitz), fz), --, fa) = SF) 
iSl 


for all x € X, as desired. 


Problem 29.4. Prove the converse of Theorem 28.7. That is, show that if X and 
Y are (nontrivial) normed spaces and L(X,Y) is a Banach space, then Y is a 
Banach space. 


Solution. Let {y,} be a Cauchy sequence of Y. Pick some f in X* with 
f + 0, and then consider the sequence of operators {T,,} of L(X, Y) defined by 
T,(x) = f(x)yn. The inequality 


(T) ~ Tnx) = | FOO On — Ymd) < WFN NYa — Yoo xN, 
shows that ||7;, — Tm|| < IfI- lyn — Ymll, and so {Tn} is a Cauchy sequence of 


L(X,Y). By the completeness of L(X, Y), there exists some T € L(X,Y) with 
lim T, = T. Now, pick some e € X with f(e) = 1, and note that 


lim 7,(¢) = lim. ys = T (e). 
n> n> 00 
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Problem 29.5. The Banach space B(N) is denoted by læ. That is, loo is the 
Banach space consisting of all bounded sequences with the sup norm. Consider 
the collections of vectors 


Op = (X = (Xj, X0, X%3,...) E Lao: x, > 0), and 


© = (X = (%), X) X3,...) € Co: limx, exists in R). 
Show that co and c are both closed vector subspaces of Loo. 


Solution. It should be obvious that co and c are vector subspaces of £» (and 
that co is a vector subspace of c). What needs verification is their closedness. To 
see that Co is closed, assume that a sequence {x”} of co, where x” = (xf, x7,...), 
satisfies ||x” — x||. > 0. If x = (x1, x2, . . .), we must show that lim x, = 0. 

To this end, let € > 0. Fix some k such that ||x” — x|| < € for all n > k; clearly 
|x? — x;| < € also holds for all n > k and all i. Since lim;_,.. xt = 0, there exists 
some m > k such that [x*| < € holds for all i > m. Now, notice that if i > m, 
then 


lxil < lxi — xf] + lxfl < € +e =2e. 


This shows that lim x„ = 0, as desired. 

Next, we shall establish that c is closed. For simplicity, for a sequence x = 
(x1, X2, ...) E€ c we shall write xo = limx,. Now, assume that a sequence {x"} 
in c satisfies x” —> x = (x1, X2, . . -) € £00. We must show that lim x, exists in R. 

Start by fixing some € > 0. Then, there exists some k such that 


lx” —xlloo <€ holds forall n > k. (x) 


This implies ||x"” — x” |oo < 2e for all n,m > k, and so |x? — x| < 2e for all 
n,m > k and eachi. Consequently, |x? — x% | < 2e forall n,m > k. This shows 
that {x7} is a Cauchy sequence of real numbers. Let x. = lim x}, and note that 
|x — Xol < 2e holds for all n > k. 

We claim that x, —> Xo. To see this, let again € > 0 and choose k so that (*) 
is true. Next, fix some r > k such that xt — xk | < € holds for all n > r. Now, 
note that if n > r, then 


[Xn — Xeo| < |Xn — xk | + [xk — x% | + [xk — x00] < € +e + 2e = 4e. 
This shows that x, —> Xo, and so x € c. Therefore, c is a closed subspace of £a. 


Problem 29.6. Let c denote the vector subspace of læ consisting of all con- 
vergent sequences (see Problem 29.5). Define the limit functional L:c > R 
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by 
LX) = LXi Xo, ...) © Lim Xy; 
n— co 


and p: ly > R by p(x) = p(x, X2, ...) = lim sup x). 

a. Show that L is a continuous linear functional, where c is assumed equipped 
with the sup norm. 

b. Show that p is sublinear and that L(x) = p(x) holds for each x € c. 

c. By the Hahn—Banach Theorem 29.2 there exists a linear extension of L to 
all of lœ (which we shall denote by L again) satisfying L(x) < p(x) for 
all x € L~. Establish the following properties of the extension L: 

i. For each x € €.5, we have 


lim inf x, < L(x) < lim sup xn. 
i oc) n—>0o 


ii. L is a positive linear functional, i.e., x > 0 implies L(x) > 0. 
iii. L is a continuous linear functional (and in fact ||L\| = 1). 


Solution. (a) Clearly, L is a linear functional. Moreover, if x = (x1, x2,...) € C, 
then |X| < ||Xlloo = sup,, |Xm| for each n, and so |L(x)| = lim |x,| < ||x|loo. This 
shows that L is a continuous linear functional. (Since L(1, 1, 1, ...) = 1, itis easy 
to see that ||Z || = 1.) 

(b) The sublinearity of p follows immediately from Problem 4.7. The equality 
p(x) = L(x) = lim x, for each x € c should be also obvious. 

(c) We shall establish the stated properties. 


(i) If x € £40, then notice that 
—L(x) = L(—x) < limsup(—x,,) = — lim inf x,, 
n—>0o n> 00 


and so lim inf x, < L(x) < limsup x, holds true. 

(ii) If x = (x1, x2, ...) = O (i.e., if x, > O for each n), then it follows from 
Problem 4.8 and the preceding conclusion that L(x) > liminfx, > 0. That is, L 
is a positive linear functional. 

(iii) If ||x\loo < 1 i.e., if |x,| < 1 for each n), then it follows from part (i) and 
Problem 4.8 that 


—1 < liminfx, < L(x) < lim sup x, < 1, 
n= 00 n=00 


and so |L(x)| < 1. This implies ||L|| = sup{|L(x)|: |lxllo < 1} < 1. Since 
L(1,1,1,...) = 1, we easily infer that || || = 1. 
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Problem 29.7. Generalize Problem 29.6 as follows. Show that there exists a lin- 
ear functional Lim: læ» —> R (called a Banach—Mazur limit) with the following 
properties. 

a. Lim isa positive linear functional of norm one. 

b. For each x = (x1, X2,...) € loo, we have 


n> 00 n n—>0oo n 


In particular, Lim is an extension of the limit functional L. 
c. For each x = (xı, X2,...) € loo, we have 


Lim(x, ADAI os 9) = Lim(x2, X3, MAp s) 


Solution. For each x = (x), x2, ...) € Loo, let 


x Ah sortie a bey 
AQ) = (n, 22, ..., HABE) 


be the sequence of averages of x. If we define p: læ —> R via the formula 


p(x) = lim sup A(x) = lim sup Put Reha ony 
noo n 
then a glance at Problem 4.7 guarantees that p is a sublinear functional. Moreover, 
it is easy to see that if x € c, then 


LOS lim x, = pe): 
n> oo 


Now, by the Hahn-Banach Theorem 29.2, L has an extension Lim: læ —> R sat- 
isfying Lim(x) < p(x) for each x € £. Properties (a) and (b) can be established 
exactly as in the solution of Problem 29.6. 

To verify (c), let x = (x1, x2, . . .) € oo and put y = (x2, x3, . . .). Then, an easy 
computation shows that 


Xj —X3 X1 X4 Xi — Xn+1 
re a = Se xi Seat 
(x —y) = (11 — x2 5 3 m 
Since x = (x), X2, . . .) is a bounded sequence, the latter implies 


p(x — y) = lim sup Sh Fath 0. 
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Hence, Lim(x — y) < p(x — y) = 0. Similarly, L(y — x) < 0, and so Lim(x) — 
Lim(y) = Lim(x — y) = 0. Thus, Lim(x) = Lim(y), as desired. 


Problem 29.8. Let X be a normed vector space. Show that if X* is separable 
(in the sense that it contains a countable dense subset), then X is also separable. 


Solution. Let {fi, fo,...} be a countable dense subset of X*. For each n 
choose some x, € X with ||x,|| = 1 and |f,(x,)| > ll fill, and let Y be the 
closed subspace generated by {x,, x2,...}. We claim that Y = X. 

To see this, assume by way of contradiction that Y Æ X. Fix some a ¢ Y with 
lal = 1. By Theorem 29.5, there exists some f e X* with f(y) = 0 for all 
y € Y and f(a) 4 0. Given £ > 0 choose some n with || f — fall < £, and 
note that 


| fn(@)| < || fal) < 2|fa(xn)| = 2|(fn — f%n)| < 2\| fr — fll < 20. 


Thus, | f(a)| < |f (a) — f,(@)| + |f,(a)| < 3e holds forall € > 0,andso f(a) = 
0, a contradiction. Therefore, Y = X holds. 

Now, note that the collection of all finite linear combinations of the countable 
set {x), X2, ...} with rational coefficients is a countable dense subset of X. 


Problem 29.9. Show that a Banach space X is reflexive if and only if X* is 
reflexive. 


Solution. Assume that X* is reflexive. If X # X**, then by Theorem 29.5 
there exists some nonzero F € X*** with F(x) =0 foreach x €e X. Since X* 
is reflexive, there exists a nonzero x* € X* so that F(f) = f(x*) holds for all 
f € X™. In particular, 


(x) = F(x") = F(x) = 0 


holds for all x € X, and so x* = 0, a contradiction. Therefore, X must be a 
reflexive Banach space. 


Problem 29.10. This problem describes the adjoint of a bounded operator. If 
T:X — Y is a bounded operator between two normed spaces, then the adjoint 
of T is the operator T*: Y* —> X* defined by (T* f)(x) = f(T x) forall f € Y* 
and all x € X. (Writing h(x) = (x, h), the definition of the adjoint operator is 
written in “duality” notation as 


(Tx, f) = (x,T*f) 
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for all f e Y* and all x e X.) 

a. Show that T*:Y* — X* is a well-defined bounded linear operator whose 
norm coincides with that of T , i.e., \|T*|| = \|T ||. 

b. Fix some g € X* and some u € Y and define S: X — Y by S(x) = g(x)u. 
Show that S is a bounded linear operator satisfying ||S\| = ||g||- lull. (Any 
such operator S is called a rank-one operator.) 

c. Describe the adjoint of the operator S defined in part (b). 

d. Let A = [a;;] be anm x n matrix with real entries. As usual, we consider 
the adjoint A* as a (bounded) linear operator from R" to R”. Describe 
A‘. 


Solution. As usual, we shall denote from simplicity T(x) by Tx. 
(a) Fix f € Y*. Then, for x, y € X anda, B € R, we have 


(T* fax + By) = f(T(ax + By)) = f(aTx + BTy) 


af(Tx) + Bf (Ty) = a(T* f(x) + BT" NO), 


so that T* f is a linear functional on X. To see that T* f is also continuous, notice 
that 


ITEN] = [FT| SUF ITO SWF TW Nel 


holds for all x € X. This shows that T* f is a bounded (and hence, continuous) 
linear functional and that ||T* f || < IIT || - || || holds true for each f € Y*. 

The last inequality also shows that T*:Y* — X* is a bounded operator and 
that ||7*|| < ||7 ||. For the reverse inequality, let x € X satisfy ||x|| < 1. By 
Theorem 29.4 there exists some h € Y* satisfying ||h|| = 1 and A(T x) = |\T x]. 
So, 


(7* | = IT *Al = ITRON = Ax] = Tx, 
for each x € X with ||x|| < 1. This implies ||T || = sup{||Tx||: Ixl < 1} < |7*]. 
Hence, ||7*|| = ||T ||. 


(b) It is a routine matter to verify that S is linear. From 


WS(x)] = lgo ull = |g(x)| - lull 
< Ill: xi: Nell = (Well - Nell) ed, 


we see that S is a bounded operator and that ||S|| < ||g|l - llull. Now, if x € X 


Section 30; BANACH LATTICES 259 


satisfies ||x|| < 1, then we have 
ISI = WS) = goull = lg): lull, 


and so ||S]] > sup{|g(x) + lul]: x € X and {|x| < 1} = |/g||- lvl]. The preceding 
show that |||] = Igli - Well. 


(c) Note that for each f € Y* and each x € X we have 


(S* f(x) = f(Sx) = f(g(x)u) = fuga) = [Fg] @). 


So, S* f = f(u)g holds for all f e Y*. 
(d) Let A = [a;;] be an m x n real matrix. Note that the norm dual of R” is 


again R”, where every y = (y1,..., Yn) € R” defines a linear functional on R” 
via the formula 


W(x) = (x,y) =x -y = J oxy. 


=)! 


This easily implies that the adjoint A* of A is ann x m matrix B = [b; j] that 
satisfies the duality identity (Ax, y) = (x, A*y), or Ax - y = x - By. That is, the 
elements of B satisfy the equation 


m n n m 
ye X aijxiy; = X X bjiyjxi 
j=l i=) H= 
for all x € R” and all y € R”. This easily implies b;; = aj; for all i and a 
Therefore, A* is the transpose of A, i.e. A* = A’. 


30. BANACH LATTICES 
Problem 30.1. Let X be a vector lattice, and let f: X*+ — [0, 00) be an additive 


function (that is, f(x + y) = f(x) + f(y) holds for all x, y e X*). Then show 


that there exists a unique linear functional g on X such that g(x) = f(x) holds 
for all x € X*. 


Solution. Note first that if x > y > 0 holds, then 


f(x) = f(y +a- y) = f(y) + fa- y) = FQ). 


Also, the arguments of the proof of Lemma 18.7 show that f(rx) = rf (x) holds 
for all x € X+ and all rational numbers r > 0. 
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Now, let a > 0 and x > 0. Pick two sequences {r,} and {t,} of rational 
numbers with 0 < r, f œ and f, | a. Then, the inequality r,x < ax < t,x 
implies 


nf (X) = Fix) < flax) < f (tnx) = tr f(x), 


from which it follows that a f(x) = f(ax) holds. 
Now, define g: X — R by 


g(x) = f(x*) — f(x"). 
Note that if x = y —z holds with y, z € X+, then the relation xt +z = y+x~, 
coupled with the additivity of f on X+,showsthat f(x*)+ f(z) = f(y)+f(@7). 
That is, 
g(x) = f(x") — f(x") = fF) — f(z). 
In particular, for x, y € X we have 


gx +y) = g(x +y* —@ > +y)) = ft +y*)- fa ty) 
= f(x*)+ f(y) — fx) -— fO) 
= [f@*)- f@>)]+[f0* - fo] 
= g(x) + g(y). 


Moreover, for a > 0 we have 
g(ax) = f(ax*) — fax”) =al[ f(xt) — f(x-)] = agx), 
and if a < 0, then 
8(ax) = —ag(—x) = —a[g(x~ — x+)| = -a| fœ) — f(x*)] = aga). 
Thus, g is a linear functional on X, which is clearly a unique extension of f. 
Problem 30.2. A vector lattice is called order complete if every nonempty subset 
sadad ae from above has a least upper bound (also called the supremum of 


Show that if X is a vector lattice, then its order dual X~ is an order complete 
vector lattice. 
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Solution. Let A be a nonempty subset of X” that is bounded from above by 
some g € X~. By replacing A with the set {g — f: f € A}, we can assume that 
A C X7. Let B denote the collection of all finite suprema of A, i.e., f € B if 
and onily if there exist fi,..., fa € A with f = \/j_, fi. Clearly, f < g also 
holds for all f € B. Next, define h:X*+ — Rt by 


h(x) = sup{ f(x): f € B} 


foreach x € X*. Clearly, 0 < h(x) < g(x) holds. 
Let x, y E€ X+. Since f(x + y) = f(x) + f(y) < A(x) + AG) holds for all 
f € B, we see that 


A(x + y) < h(x) + h). 


On the other hand, given £ > 0 choose fi, f2 € B such that h(x) —e < fi(x) 
and h(y) — € < fo(y). Taking into account that fı V f2 € B, we see that 


h(x) +h(y)—2¢ < At NHO) S Sy hæt fiy hy) 
= fiy fha +y) <ha +y) 


holds, for all ¢ > 0. Thus, 
h(x) +h(y) < h(x + y) 


also holds, and so h(x + y) = h(x) + h(y). 

By the preceding problem, h extends uniquely to a positive linear functional. 
Clearly, f < h holds for all f € A. On the other hand, if f < @ holds for all 
f € A, then f < ¢ also holds for all f € B. This easily implies h < ¢. That 
is, h = sup A holds in X7. 


Problem 30.3. Show that the collection of all bounded functions on [0, 1) is an 
ideal of R®"), Also, show that C[0, 1] is a vector sublattice of R®! but not an 
ideal. 


Solution. Let f:[0, 1] —> R bea bounded function. If | f(x)| < M holds for 
all x € [0,1] and g e R™") satisfies |g| < |f|, then |g(x)| < M also holds for 
all Le € [0, 1]. This implies that the space of all bounded functions is an ideal of 
R® 

> function Xo, 1) is not a continuous function and satisfies 0 < Xo.4) S 1, 
where 1 denotes the constant function one on [0,1]. Hence, C[0, 1] is not an 
ideal of R®!), 
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Problem 30.4. Let X be a vector lattice. Show that a norm ||- || on X is a lattice 
norm if and only if it satisfies the following two properties: 

a. If0<x <y, then ||x|| < |lyll, and 

b. lxil = |} |x| || holds for all x € X. 


Solution. Assume that ||- || is a lattice norm. Clearly, 0 < x < y implies 
lll < Ilyll. Also, |x| = ||| holds, and so Ixl] < [ixil] < Ix: 
Conversely, assume (a) and (b) to be true. If |x| < |y|, then 


cl = ixl] < iyi] = Wl 
so that ||- || is a lattice norm. 


Problem 30.5. Show that in a normed vector lattice X its positive cone X+ is a 
closed set. 


Solution. From Theorem 30.1(3) we see that 
x7 — y~| = |(—x)t — (—y)*| < |x — y]. 


This implies that the function x + x~ from X into X is (uniformly) continu- 
ous. Thus, X+ = {x € X: x” = 0} is a closed set. 


Problem 30.6. Let X be anormed vector lattice. Assume that {Xn} is a sequence 
of X such that xn < Xn+41 holds for all n. Show that if limx, = x holds in X, 
then the vector x is the least upper bound of the sequence {x,} in X. In symbols, 
Xn t x holds. 


Solution. Assume that {x,} satisfies x, < Xn+ı for each n and limx, = x. 
Then, Xn+p — Xn = 0 holds for all n and all p and limp—»oo(Xn+p — Xn) = X — Xn. 
Since (by Problem 30.5) the positive cone X* is closed, we see that x — x, > 0, 
or x > x, for each n. This shows that x is an upper bound for the sequence {xn}. 

To see that x is the least upper bound for the sequence {x,}, assume that y > Xn 
holds for each n. So, y — x, > 0 holds for all n and lim(y — x,) = y — x. Using 
once more that X*+ is closed, we get y — x € X+. That is, y — x > 0, or y > x. 
Therefore, x = sup{x,}, or x, t x holds true, as desired. 


Problem 30.7. Assume that x, —> x holds in a Banach lattice and let {€,) be a 
sequence of strictly positive real numbers. Show that there exists a subsequence 
{xx, } Of {Xn} and some positive vector u such that |x}, — x| < €,u holds for each n. 


Solution. An easy inductive argument guarantees the existence of a subsequence 
{x;, } Of {xn} satisfying ||x,, —x || < €,2—" for each n. Now, notice that the series of 
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positive vectors Dt C h |Xk, — x| is absolutely summable. Since X is a Banach 


space, u = aiaa OY |x, — X| exists in X. Now, a glance at Problem 30.6 shows 
that (€,)~'|xx, — x| < u for each n. Thus, |x;, — x| < €,u holds for each n, as 
desired. 


Problem 30.8. LetT:X — Y bea positive operator between two normed vector 
lattices, i.e, x > 0 in X implies Tx > OinY. If X is a Banach lattice, then show 
that T is continuous. 


Solution. Let T: X —> Y bea positive operator, where X is a Banach lattice 
and Y is a normed vector lattice. Assume by way of contradiction that T is not 
continuous. Then, there exist a sequence {x,} of X and some € > 0 satisfying 
Xn —> 0 and ||Tx,|| > € for each n. By Problem 30.7 there exists a subsequence 
{Yn} of {xn} and some u € X* satisfying |y,| < T foreach n. Now, notice that the 
positivity of T implies |T y„| < T|y,| < Tu for each n, and so ||T y, || < LT ul 
for each n. Since +||Tu|| — 0, it follows that ||T ya || —> O contrary to ||Tyn|| > € 
for each n. Thus, T is a continuous operator. 


Problem 30.9. Show that any two complete lattice norms on a vector lattice 
must be equivalent. 


Solution. If || - ||; and ||- ||2 are two complete lattice norms on a vector lattice 
X, then, by Problem 30.8, the identity operator /:(X, || - lı) —> (X, || - lz) isa 
homeomorphism. That is, || - ||; and ||- ||2 are two equivalent norms. 


Problem 30.10. The averaging operator A: l —> læ is defined by 


Xp +X. Xut Xt X3 Xi tH xX Heet Xn 
PETS TAN uth tach Fo Sub a yh tr) 


a 3 leaks n 


for each x = (xj, X2,...) E€ Læ. Establish the following: 


a. Aisa positive operator. 
b. A is a continuous operator. 
c. The vector space 


V = {x = (x1, x2, ...) € loo: (Rt) converges in R} 
is a closed subspace of læ. Is V = boo? 


Solution. (a) If x = (x1, x2,...) > 0, then x; > 0 foreachi and so abet te > 
0 for each n. This implies A(x) > 0, and so A is a positive operator. 
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(b) By Problem 30.8 every positive operator on a Banach lattice is continuous. 
Therefore, A (as a positive operator) is continuous. 
(c) We know from Problem 29.5 that the vector space of all convergent sequences 


c = {x = (x1, X2,...) € fæ: lim x, exists in IR) 
n— oo 


is a closed subspace of læ. Clearly, V = A~'(c). Since A is continuous, the latter 
guarantees that V is a closed subspace of la. 

There are bounded sequences having divergent sequences of averages. Here is 
an example: 


(1, —1, 1, 1, —1, —1, 1, 1,1, 1,1, 1, —1, —1, —1, —1, -1, -1,...). 


Hence, V is a proper closed subspace of £a. 


Problem 30.11. This problem shows that for a normed vector lattice X its norm 
dual X* may be a proper ideal of its order dual X~. Let X be the collection of all 
sequences {xn} such that x, = 0 for all but a finite number of terms (depending 
on the sequence). Show that: 
a. X is a function space. 
b. X equipped with the sup norm is a normed vector lattice, but not a Banach 
lattice. 
c. If f:X — Ris defined by f(x) =} nx, for each x = {xn} € X, then 
f is a positive linear functional on X that is not continuous. 


Solution. (a) Routine. 

(b) If x, = (1,4, $,..., 1, ...), then {x,} is Cauchy sequence of X that does 
not converge in X. 

(c) Clearly, f is a positive linear functional. If e,, denotes the sequence whose n™ 
component is one and every other zero, then |le, ||. = 1 and n = f(e,) < |I f |l. 
That is, || f || = 00. 


Problem 30.12. Determine the norm completion of the normed vector lattice of 
the preceding problem. 


Solution. Let 
Co = [= (24, 42,...) € Loo: lim xq = 0}. 


Clearly, co is a vector sublattice of 2... Also, it is not difficult to see that co is 
a closed subspace, and so co is a Banach lattice (with the sup norm). We claim 
that co is the norm completion of the normed vector lattice X of the preceding 


problem. 
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To see this, note first that X is a vector sublattice of co. Now, let x = 
(x1, X2,.--) E€ Co and let € > 0. Choose some n with |x| < e for all k >n, 
and note that the element y = (x1, ..., Xn, 0,0,...) € X satisfies ||x —yllo < £. 
Thus, X is dense in co, and our claim follows. 


Problem 30.13. Let C.(X) be the normed vector lattice—with the sup norm—of 
all continuous real-valued functions on a Hausdorff locally compact topological 
space X. Determine the norm completion of C,(X). 


Solution. Consider the vector space of functions 
co(X) = { f € C(X): Ve > 03 K compact with | f(x)| < € for x ¢ K}. 


Clearly, co(X) is a vector sublattice of B(X). We claim that co(X) is a closed 
subspace. To see this, let {fn} C co(X) satisfy f, — f in B(X), and let € > 0. 
By Theorem 9.2, f € C(X). Pick some n with || f — falloo < £, and then select 
a compact set K with | f,(x)| < £ for x ¢ K. Thus, 


IF| < | FO) — h| + | faa)| < 2e 


holds foreach x ¢ K, and so f € co(X). Therefore, co(X) (with the sup norm) 
is a Banach lattice. 

Clearly, C.(X) is a vector sublattice of co(X), and we claim that C.(X) is 
dense in co(X). To see this, let f € co(X) and let £ > 0. Choose some compact 
set K with |f(x)| < e forall x ¢ K, and then use Theorem 10.8 to pick some 
g € C.(X) with g(x) = 1 forall x € K and 0 < g(x) < 1 for x ¢ K. Then, 
fg € C.(X) and || fg — fllo < £ holds, proving that C.(X) = co(X). Thus, 
Co(X) is the norm completion of C,(X). 


Problem 30.14. Let X and Y be two vector lattices, and let T:X — Y bea 
linear operator. Show that the following statements are equivalent: 

a. T(x Vv y) =T(x) VT(y) holds for all x,y € X. 

b. T(x A y)=T(x) AT() holds for all x, y € X. 
T(x) AT(y) = 0 holds in Y whenever x ^ y = 0 holds in X. 
|T (x)| = T (|x|) holds for all x € X. 
(A linear operator T that satisfies the preceding equivalent statements is referred 
to as a lattice homomorphism.) 


a9 


Solution. (1) ==> (2) From the identity (a) of Problem 9.1, we get 


Tx Ay) =TxX+y-xVy)=T(x)+T(y)-—TOavy) 
= T(x)+T(y)— T(x) VT(y) = T(x) AT(y). 
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(2) => (3) If x A y = 0, then 
T(xX)AT(y) =TOXA y) =TO) =0. 
(3) => (4) Using the identity (e) of Problem 9.1, we see that 


|T@)| = |T@*) -—T@)| = Tat) VT) — Tt) AT) 
= T(x*)V T(x) = Tat) + Te) - Txt) AT) 
= T(x*) 4+ TQ) =Tat +x) =T(\x}). 


(4) => (1) From the identity (f) of Problem 9.1, we get 


Tœ v y) = T (tix +y +x —yl]) = [T+T O) + T(x — yD] 
= 3(T@)+TQ)+ IT@) -TO)|] =T@) VT). 


Problem 30.15. Let l~ be the Banach lattice of all bounded real sequences; 
that is, Lo = B(N), and let {r,,r2,...} be an enumeration of the rational num- 
bers of [0,1]. Show that the mapping T:C{[0, 1] —> l~ defined by T(f) = 
(f(71), f (72), . - .) is a lattice isometry that is not onto. 


Solution. Clearly, T is a linear operator. Let f € C[0,1]. Since f isa 


continuous function and the set of all rational numbers of [0, 1] is a dense set, it 
easily follows that 


ITA] E sup{lf (rn): 2 =1,2,...] 
= sup{If(@l: x € (0, 1]} = |f] 


In addition, note that 
IT(A)| = (IF). If), ++) = (IF 1G. 1F1G2), ---) = TAAD: 


which shows that T is a lattice isometry. 
To see that T is not onto, note that 


T(f) #0, 1,0,1,...) 


as 
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Problem 30.16. Let X be a normed vector lattice. Then show that an element 
x € X satisfies x > 0 if and only if f(x) > 0 holds for each continuous positive 
linear functional f on X. 


Solution. If x > 0 holds, then clearly f(x) > 0 also holds for each 0 < f e 
R~ 

For the converse, assume that x is fixed and satisfies f(x) > 0 for each 
f € Xz. Let 0 < f € X` be fixed. Since —g(x) < 0 holds for all 0 < g < f, 
it follows from Theorem 30.3 that 


0 < f(x") = sup{—g(x): g € X~ and 0 < g < f} <0. 
That is, f (x~) = 0 holds for all 0 < f € X7 and consequently f(x~) = 0 forall 
f € X*. From Theorem 29.4, we see that x` = 0. Thus, x = xt—x7 = xt > 0, 
as required. 
Problem 30.17. Let X be a Banach lattice. If 0 < x € X, then show that 
l|x|| = sup{ f(x): 0 < f € X* and || f || = 1}. 


Solution. Let x > 0. In view of the inequality |f(x)| < IFI) < IfI- ixl, 
we have 


|x|] = sup{|f(x)|: f € X* and Ifl = 1} 
< sup{|f|(x): f € X* and || f|| = 1} 
= sup{ f(x): 0 < f € X* and |f| = 1} < |x|, 
and the conclusion follows. 


Problem 30.18. Assume that y:[{0,1] — R is a strictly monotone continu- 
ous function and that T:C(0, 1] — C{O, 1} ts a continuous linear operator. If 
T(gf) = yT(f) holds for each f € C[0, 1] (where pf denotes the pointwise 
product of and f ). Show that there exists a unique function h € C [0, 1] satisfying 
T(f)=hf forall f e C{0, 1]. 


Solution. Taking f = 1, the constant one function, and letting h = T1, we 
obtain T (gy) = hg, and by induction T(g") = hg" for each n > 0. Hence, by the 
linearity of T , we see that 


T (P()) = hP(g) (*) 
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for each polynomial P of one variable. Since the function ¢ is strictly increasing, 
the algebra A = {P(@): P polynomial} separates the points and contains the 
constant function 1. Consequently, by the Stone—Weierstrass Theorem 11.5, A is 
dense in C[0, 1]. From (x), it easily follows that T (f) = hf for each f € C[0, 1]. 


Problem 30.19. Jf f € C[0, 1], then the polynomials 


n 


Bye) = > ()fex*0- x)", 


k=0 


where (}) is the binomial coefficient defined by (7) = MED are known as the 
Bernstein polynomials of f. 

Show that if f € C[0, 1], then the sequence {B,} of Bernstein polynomials of 
f converges uniformly to f. 


Solution. Let {T,,} be the sequence of positive operators from C[0, 1] into 
C[0, 1] defined by 


n 


TODE 


k=0 


for all f € C[0, 1] and each ¢ € [0, 1]. We must show that 
lim ||Ta f — f llo = 0 


holds for each f € C[0, 1]. By Korovkin’s Theorem 30.13, it suffices to establish 
that lim ||T, f — f llo = 0 holds for f = 1, x, and x?. 

To do this, we need some elementary identities. First note that by the binomial 
theorem 


n 
(Dea -nyr* =[t+C-9]' =1 (a) 
k=0 
holds for all ¢. Differentiating (x), we get 
>> (ke a = yt = (n = a = yt] 
k=0 


1a ye (ea — (k — nt) = 0. 
k=O 
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Multiplication by t(1 — t) yields 
n 
>> Geka = 1)" (k = nt) = 0, 
k=0 


and by using (x), we see that 


Pira- y =r. (+t) 
k=0 


Differentiating (x*) yields 
DMEM a — 1k = at) = 1, 
k=0 

and multiplying by t(1 — t), we get 
>, (YE ck D k- nt) = t(1 — 0). 


k=0 


That is, 
n 2 n 
DO a — oF" -P Qira- = ta, 
k=0 k=0 


and by taking into account (*»), we see that 
z 2 
OG EAE (xa) 


k=0 


The identities (x), (xx), and (x * x) can be rewritten as follows: 
Trl =1, T,x =x, and [T,x* —x?|(t) = 2. 


Now, note that these identities readily imply that lim ||7, f — f ll = 0 holds for 
f =1, x, and x?. 


Problem 30.20. Let T:C[0, 1] —> C[0, 1] be a positive operator. Show that if 
Tf = f holds true when f equals 1, x, and x*, then T is the identity operator 
(that is, Tf = f holds for each f € C(O, 1}). 
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Solution. Foreach n, let T, = T. Clearly, lim T, f = f holds in C(0, 1] when 
f =1, x, and x°. By Korovkin’s Theorem 30.13, we have Tf = limT, f = f 
foreach f €e C[0, 1). 

Problem 30.21 (Korovkin). Let {T„} be a sequence of positive operators from 
C[0, 1] into C[0, 1] satisfying T,1 = 1. If there exists some c € [0, 1] such that 
lim Tg = 0 holds for the function g(t) = (t — c}, then show that limT, f = 
f(c)-1 holds for all f € C[0, 1). 


Solution. Let f €e C[0, 1] and let € > 0. It suffices to show that there exist 
constants C, and Cz such that 


(Taf — F(c)- A, < €+ CiT- 1], + C2] Ts. 
holds for all n. 
Set M = || f loo. By the continuity of f atthe point c there exists some ô > 0 
such that —e < f(t) — f(c) < £ holds whenever ż¢ € [0, 1] satisfies |t —c| < ô. 
Next, observe that 


me Br A < f)-fOset R(t —cy (a) 


holds for all ¢ € [0, 1]. (To see this, repeat the arguments in the proof of Theo- 
rem 30.13.) Since each T,, is positive and linear, it follows from (a) that 


—T, 1 — BIg < Taf — f(c): Trl < ETn1 + Tyg. 
Put C = 4%, and note that 
[Taf — £(c)- Trl| < ETn1 + CTng = E1 + e|T,l — 1| + CTng. 
Consequently, 


(Taf — f) 1| < [Taf — fc): Tall + |f(C)| Ta 1| 
< el +(e + |f(c)))|\Trl -1| +CTrg, 


and so 
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31. Lp-SPACES 


Problem 31.1. Let f € Lp (u), and let € > 0. Show that 
BNE X AWS eh ee | IfI? dp. 


Solution. Consider the measurable set E = {x € X: |f(x)| = £}, and note that 
Elx € X: |f(x)|? > 6P}. Thus, 


fire an > frite du > Jex du =e? u* (E). 


Problem 31.2. Let {fn} be a sequence of some Lp(1)-space with 1 < p < œ. 
Show that if lim || fa — f ||p = 0 holds in L (u), then { fa} converges in measure 


to f. 


Solution. From the preceding problem, we see that 
u*({x € X: | f(x) — f(x)| = e}) se? [It — f|” du 


holds. Clearly, this inequality shows that f, aes f holds whenever lim || f, — 
f I 2 = 0. 


Problem 31.3. Let (X, S, u) be a measure space and consider the set 
E = (xa: A € A, with u*(A) < oo}. 


Show that E is a closed subset of Lı(u) (and hence, a complete metric space in 
its own right). Use this conclusion and the identity 


H(AAB) = [xs — xB| du = |lxa — XB lh 


to provide an alternate solution to Problem 14.12(c). 


Solution. Assume that {x4,} is a sequence of E such that {|x4, — f|du > 0 
holds for some f € L(y). By Lemma 31.6 there exists a subsequence {X4,, } of 
{Xa,} such that x4, —> f a.e. This implies (how?) that f = x4 a.e. for some 
A € A, with *(A) < œo. Thus, f € E and so E is a closed subset of L; (u). 
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Problem 31.4. Show that equality holds in the inequality 
a'b! <ta+(1—t)b, O<t <1; a>0; b>0 


if and only if a = b. Use this to show that if f € Lp(u) and g € La(u), where 
1 < p,q <œ and its = 1, then S\fgldu = |i flip- Wallg holds if and only 
if there exist two constants C, and C2 (not both zero) such that C,\ f |P = C2\g\4 


holds. 


Solution. Clearly, if a = b > 0, then a'b'"' = ta + (1 — t)b = a holds. 
For the converse, let a'b!—' = ta + (1 — t)b hold for some a, b > 0. Put 
y = §, and rewrite the given equality as 1 — £ + ty — y’ = 0. Since the function 
f(x) =1-—t+tx—x' for x > 0 (and some fixed 0 < t < py its minimum 
when x = 1 (see the proof of Lemma 31.2), it follows that y = 7 = 1, and so 
a = b. Thus, a‘b'!~' = ta + (1 — t)b holds if and only if a = b. 

For the second part, assume first that there exist two constants Cı and C2 
(which are not both zero) such that C;|f|? = C2|g|?. We can assume C; > 0 
and Cz > 0. Then, we have 


[lfelau = Te )” lel? n (2 (BY fet 


[[@) Jel? dy’ J [flare] 


= (JIP du)? -(flel au)’ = 141p lel, 


For the converse, assume J \fgldu = |lfllp: lglg. If either f or g is zero, 
then the conclusion is trivial. (If f = 0, then put Cı = 1 and C2 = 0.) So, we 
can assume f #0 and g #0. Taking t = d a= Cee and b = (ES. 


the inequality a‘b'~' < ta + (1 — t)b gives 


VN aL go)! Lf(x)g(x)| 
V5 1 (1) p q ( lg lla NF llp lglg * 


Integrating (and using our hypothesis), we get 


0< J [+ (yar)? us L(g)! — Fip Hence | dac) 
ee Laide) 1 wo, 


TIP 


Section 31: Lp-SPACES 273 


Consequently, 
ogo — (NP 4 1 (goy 
WF llp'ligle — P ( NF Ilp ) a q ( lig lla ) 
holds for almost all x, and by the first part of the problem, we see that RY = 


(let)? holds, so that 
IS lle 


(lgl) | Fx)” = (IF lp)? |e |" 
holds for almost all x, as required. 


Problem 31.5. Assume that u*(X) = l and0 < p <q < œ. If f isin L(y), 
then show that || f llp < || f \lq holds. 


Solution. Assume u*(X)= 1 and 0 < p <q < oo. Let f € L,(u). From 
Theorem 31.14, we know that L,(u) E L,(u), and so f e€ L,(y). 


Put r = £ > 1, and then choose s > 1 so that 141 = 1 holds. Since 
|fIP € Bia) and 1 € L,(2), it follows from Hélder’s inequality that 


at = Jutan ft oss fran (fv 
= ( [IAP au)’ = (fll an)" = (ry. 


Consequently, || f Ilp < Il fllg holds. 
If q = ov, then 


Ifl = ( J |F| au)? <( J (Ils)? du)? = flo = If 
also holds in this case. 


Problem 31.6. Let f € Li(u)N Lalu). Then show that 
a. f €L,(u) for each\ < p< œ. 


b. If u*(X) < 00, then limp +00 II f lp = II f llo holds. 
Solution. (a) If M = || f lo, then the inequality 
IAP =|)?" f] sr (sl 


shows that f € L,() foreach 1 < p < oo, 
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(b) Let {pn} be a sequence of positive real numbers satisfying p, > 1 for each 
n and lim p, = oo. From the inequality 


na (fis 


lim sup|| f 


du)” < flol], 


IZ] 


it follows that 


Let 0 < £ < M. Then, the measurable set 

E = {x € X: |f(x)| = Ifilo- e} 
satisfies u*(E) > 0. From (|| fllo — £)” xe < |f |P", we see that (II fllo — £) 
[u*(E)]™* < Ifl andso ||fllo— e < liminf || flip, holds forall 0 < € < M. 
That is, 


lf llo < lim inf || f Ilp,- 


Thus, lim sup if ilp. < llf llo < lim inf || f ||p, holds. This shows that lim Ifilo = 
llf lloo, and from this it follows that limpo || f lp = II f llo- 


Problem 31.7. Let f € L2[0, 1] satisfy || f l2 = 1 and fy fœ) dà(x) >a > 0. 
Also, for each B € R let Eg = {x € [0,1]: f(x) = B}. [f0 < B <a, show that 


AM Eg) = ($ — a)’. 
(This inequality is known in the literature as the Paley-Zygmund Lemma.) 


Solution. Assume f € L2[0, 1] satisfies the stated properties and let0 < £ < a. 
Then, note that 


Pepa ty = P)xz, S f XE, 


and so, from Hölder’s inequality, it follows that 
1 1 1 
o<a-ps | foyanx)—p = | [fæ plane s | Faxed 
0 


< WI filo: [AE]? = [AEs]. 
This implies (Eg) > (a — £}. 
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Problem 31.8. Show that for 1 < p < oo each £, is a separable Banach lattice. 


Solution. Let e, denote the sequence whose n'" component is one and every 
other is zero. Also, denote by Æ the set of all finite linear combinations of 
fei, €2,...} with rational coefficients. Clearly, E is a countable set, which we 
claim is also dense in £, whenever 1 < p < 00. 

To see this, let x = (x1,%2,...) E€ p (I < p < ov), and let £ > 0. Fix 
some natural number n with )-°°,,, |x|? < $. Then, pick rational num- 
bers 71,72,---,7n with el Ix; — ri|P? < z, and note that the element a = 
(ris F2- - Fn, 0, 0,...)=rye, +r2e2+::-+rnen € E satisfies 


n oo l l 
EAE n a) (F+) =e 
i=l 1 


i=n+ 


That is, the countable set E is dense in £,, and so each £, (1 < p < 00) is a 
separable Banach lattice. 


Problem 31.9. Show that L% is not separable. 


Solution. Let E = {x;,x2,...} be a countable subset of 2... Write x, = 
(xf, x5,...) foreach n. Now, define 


Eo if it) > 1 
ee R ie 1, 


Clearly, y = (yı, y2,---) € Loo and 
ly — xalo = lyn = xr] = [yn — eall 2 1 


holds for each n. Thus, B(y, 1) E = Ø, and this shows that no countable subset 
of læ can be dense. 

An alternate way of proving that Zæ is not separable is as follows: Consider 
the set F of all sequences whose coordinates are zero or one. By Problem 2.8, 
the set F is uncountable, and it is not difficult to see that ||x — yllo = 1 holds 
for each pair x, y e F with x # y. It follows that (B(x, 1): x € F} is an 
uncountable collection of pairwise disjoint open balls. This easily implies that 
every dense subset of £,. must be uncountable. 


Problem 31.10. Show that L.([0, 1]) (with the Lebesgue measure) is not sepa- 
rable. 
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Solution. Write f, = xj0,xj, 0 < x < 1. Since || fx — fyllo = 1 holds when- 
ever x Æ y, it follows that {B(/,, 1): x € (0, 1)} is an uncountable collection of 
pairwise disjoint open balls of L.o([0, 1]). This easily implies that every dense 
subset of Loo([0, 1]) must be uncountable, and so L.([0, 1]) is not a separable 
Banach lattice. 


Problem 31.11. Let X be a Hausdorff locally compact topological space, and fix 
apointa € X. Let u be the measure on X defined on all subsets of X by (A) = 1 
ifa € A and u(A) = O ifa ¢ A. In other words, m is the Dirac measure (see 
Example 13.4). Show that u is a regular Borel measure and that Supp p = {a}. 
Solution. The regularity of u will be established first. 
1) Clearly, 4(A) < 1 holds foreach A C X. 
2) Let B C X. If a € B, then 
1 = u(B) < inf{u(O): O open and B C O} < (X) = 1. 

On the other hand, if a ¢ B, then use the open set X \ {a} to see that 

0 = u(B) < inf{u(O): O open and B C O} < u(X \ {a}) = 0. 
3) Let B C X. If a ¢ B, then each subset C of B satisfies u(C) = 0, and so 

0 = sup{u(K): K compact and K C B} < p(B) = 0. 

` Now, if a € B, then using that {a} is a compact subset of B we see that 


1 = y({a}) < sup{(K): K compact and K S B} < (B) =1. 


Thus, 4 is a regular Borel measure. Since u(x \ {a}) = 0, it is easy to see that 
Supp » = {a} holds. 


Problem 31.12. If g € C'(a, b] and f € Li[a, b], then 


a. show that the function F: (a, b] > R defined by F(x) = f* f(t) dA(t) is 
uniformly continuous, and 
b. establish the following “Integration by Parts” formula: 


b b 
| 8(x) f(x) dA(x) = swr- | g'(x)F(x)dx. 
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Solution. (a) The uniform continuity of F follows immediately from Prob- 
lem 22.6. 

(b) Start by choosing some constant C > 0 such that |g(x)| < C and |g’(x)| < C 
hold for each x € [a,b]. Now, by Theorem 25.3 there exists a sequence of 
continuous functions { f,,} satisfying lim is |f — fnr| dA = 0. From Lemma 31.6, 
we can suppose (by passing to a subsequence if necessary) that there exists some 
function 0 < h € Lila, b] satisfying | f,,| < h a.e. foreach n and fa —> f a.e. Let 
F) = f f,(t) dt, and note that by the “standard” Integration by Parts Formula 
we have 


b b b b 
/ Onoda = | g(x) fn(x) dx = swm o|- f ANF dx. 


(x) 
From |gf,n| < Ch € L,[a,b]l, gf, — gf a.e., and the Lebesgue Dominated 
Convergence Theorem, it follows that 


b | b 
lim / gO) faz) dx = | a(x) f (x) dA(x). 


Likewise, the Lebesgue Dominated Convergence Theorem implies 
x x 
F(x) = f fn(t) dt —> J f(t) dA(t) = F(x). 
a a 


for each x € [a,b]. Observing that |g’F,| < C Ph dì and g'F, — g’F, the 
Lebesgue Dominated Convergence Theorem once more yields 


b b 
tim, f g(x) F,(x) dx = g'(x)F(x)dx. 


a 


Finally, letting n —> oo in (x), we obtain 


b b b 
| ax) f(x) d(x) = g)F — | o'(x)F(x)dx, 
as desired. 


Problem 31.13. Let u be a regular Borel measure on R". Then show that 
the collection of all real-valued functions on R" that are infinitely many times 
differentiable is norm dense in L (u) for each 1 < p < oo. 
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Solution. Let S be the semiring consisting of the sets of the form []/_,[a;, b;). 
By Theorem 15.10, the outer measure generated by (IR",S,) agrees with u on 
the o -algebra B of all Borel sets of R”. Thus, what needs to be shown is that given 
{= eila, b;) and € > 0, there exists some C™-function f with compact 
support such that || X; — fllp < ©. 

To this end, let 7 = []_,[a;, bj) and let € > 0. The arguments of the first part 
of the solution of Problem 25.6 show that there isa C™-function f:R” —=> [0, 1] 
satisfying / |x; — fldu < 27PeP. Since |x; — f| < 2 holds, it follows that 


In FI, = (fix - f|’ du)’ bs (fix = f|? -|x - f|duy’ 
= 2( f |x - f\du)’ * water 


Problem 31.14. Let(X,S, 2) be a measure space with 1*(X) = 1. Assume that 
a function f € Lı(u) satisfies f(x) > M > 0 for almost all x. Then show that 
In(f) € Li(u) and that f in(f)du < In(f f du) holds. 


Solution. The function g(t) = t — 1 — Int, t > 0, attains its minimum value 
at t = 1. Thus, 0 = g(1) < g(t) = t — 1 — Int holds for all ¢ > 0, and so 
Int <t—1. Replacing ¢ by +, the last inequality yields 1 — + < Int. Therefore, 


1—+<Int<r-1 (x) 


holds for each t > 0. 
Since the function In x is continuous on (0, co) and f isameasurable function, 
it follows that In( f) is a measurable function. (See the solution of Problem 16.8.) 


Replacing t by aa in (x), we see that 


1— Yh < in(f(x)) -a(l fi) < È -1 (xx) 


holds for almost all x. From our assumptions, it is easy to see that both functions 
1 — “oy and t are integrable. Thus, from (**) and Theorem 22.6, it follows 
that In(f) € L(y). 

Finally, integrating the right inequality of (*«) (and taking into account that 
u*(X) = 1), we see that 


[n Pan-n(ifn) < [heau-1=0. 
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That is, 
[Pau < mft) = mY fan) 
holds, as required. 


Problem 31.15. Theorem 31.7 states that: /f 1 < p < œo, f inL p(w), {fa} E 


Lp), fn — f a.e., and lim || fnllp = If Ilp, then lim || fn — fillp = 9. 
Show with an example that this theorem is false when p = œo. 


Solution. Consider the sequence {f,} of Loo([0, 1]) defined by fa = Xi ay: 
Then fn — 1 a.e., and || frillo = 1 > 1 = |[1lloo. However, || fr — loo = 1 
holds for each n. 


Problem 31.16. This exercise presents a necessary and sufficient condition for 
the mapping g+—> F, from L.o() into L*(u) (defined by F,(f) = f fg du) 
to be an isometry. 

a. Show that for each g € Lahu) the linear functional F,(f) = f fg du, 
for f € L,(w), is a bounded linear functional on L\(1) such that IF ell < 
ilgli holds. 

b. Consider a nonempty set X and u the measure defined on every subset of 
X by u(Ø) = 0 and u(A) = œ if A # Ø. Then show that L\(u) = {0} 
and L..() = B(X) [the bounded functions on X] and conclude from this 
that g E€ Lolu) satisfies ||F;|| = ||8lloo ifand only if g = 0. 

c. Let us say that a measure space (X, S, u) has the finite subset property 
whenever every measurable set of infinite measure has a measurable subset 
of finite positive measure. 

Show that the linear mapping g +—> F; from L.o(u) into L*(u) isa 
lattice isometry if and only if (X, S, p) has the finite subset property. 


Solution. (a) Let g € L.(u). Then, for each f € L(y), we have | fel < 
IZ lloo - |f |, and so 


Fel=|f sedu| < flfeldu < Islo fflan = lelo: Ih, 


That is, F, is a bounded linear functional on L(y), and ||Fe\| < |lglloo holds. 

(b) Since every nonempty set has infinite measure, it is easy to see that there is 
only one step function. Namely, the constant function zero. That is, L\(u) = {0} 
holds. On the other hand, since every one-point set has infinite measure, each 
equivalence class of Loo(4) consists precisely of one function. This implies that 
Llu) = B(X). asi 
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Finally, note that in view of L}(u) = {0}, we must have F, = 0 for each 
8 E€ Lalu). Thus, || Fg] = |lglloo holds if and only if ||g llo = 0 (i.e., if and only 
il g = 0). 
(c) Assume that a measure space (X, S, m) has the finite subset property. Let 
0 < g E€ L~o(m) and let 0 < € < |[g|l.o. The set 


E = {x € X: |g(x)| > Iglo — £} 


is measurable and *(E) > 0 holds. By the finite subset property, there exists a 
measurable set F with F C E and 0 < u*(F) < oo. Put f = Sexe & Lise), 
and note that || f ||; = 1. Therefore, 


Mel = FD] = |f fsan) = f [Blau > Vel. — 6 


Since 0 < € < |[g||.o is arbitrary, ||F,|| > |g Ilo holds. Now, using part (a), we 
see that || F,|| = |lglloo holds for all g € L.(u). Therefore, g +> F, isa lattice 
isometry. 

For the converse, assume that g +> F, is a lattice isometry, and let E be 
a measurable set with u*(E) = oo. Then g = xg € Lalu), and so Il FI 
IZlloo = 1. Pick some 0 < f € L,(u) with F,(f) =f fgdu=f, f dp > 
It is easy to see that there exists a step function 0 < @ < fxg with [ody > 
From this, it easily follows that there exists a measurable set F C E with 0 < 
H*(F) < oo. 


pel || 


Problem 31.17. Let (X,S, pm) be a measure space. Assume that there exist 
measurable sets E;,..., En such that O < (Ei) < œ fori <i <n, X = 
Lf Ei. and each E; does not contain any proper nonempty measurable set. 
Then show that Lẹ (u) = Lilu); that is, show that g > F; from L,(u) to 
L» (4) is onto. 


Solution. From our assumptions, we see that E; N Ej = Ø holds whenever 
i # j. Foreach 1 <i <n fix some x; € E; and note that “*({x;}) > 0. If Ff is 
a measurable function and a; = f(x;), then the set f~! ({a;}) N E; is nonempty 
and measurable. Thus, by our hypothesis, f “'({a;}) N E; = E; holds, and 
therefore, f must be constant on each Ej. In other words, f = Y”; f(xi)xz, 
holds for each measurable function f. 

To see that g — F, from Li(u) to L* (4) is onto, let F be an arbi- 
trary functional in L* (4). Put c; = F(xz,) for 1 < i < n, and then let =a 
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Lil xe, € L1(u). Note that 


F,(xe,) = fresan = firele du = c; = F(xz,). 


Consequently, 


Faf) = Fe() 


n 
= 


fxe, ) “> ‘a f (Xi) Fe (xe) 
i=l 


l 


- D fœDF (xe) = r(§ fxe) =F(f) 
i=l i=] 


holds forall f € L(y), and so F = F,. That is, g +> F, is onto. 


Problem 31.18. Let (X, S, 1) be a measure space, and let 0 < p < 1. 


a. Show by a counterexample that || - ||, is no longer a norm on L p(i4). 

b. Foreach f, g € Lp(u)let d(f,g)= fif — g|? du = (If —gllp)?. Show 
that d is a metric on L (2) and that L ,(u) equipped with d is a complete 
metric space. 


Solution. (a) Let 0 < p < 1 and consider the space L,([0,1]). Take f = 
Xo, 4) and g = Xd, and note that 


E L t 
|f+al,=1> 27 = (3) +G)? = ISN, + iel, 


That is, || - ||, does not satisfy the triangle inequality. 
(b) If a > 0 and b > 0 (and 0 < p < 1), then 


(a +b)’ = (a+b)(a +b)?! =a(a +b)?! + b(a +b)" 


<a-a’!+b.b?-!=q?+b?. 


Thus, (a + b)? < a? +b? holds for each a > 0 and each b > 0. This inequality 
easily implies that d(f, g) = f |f — g|? du is a metric on Lp(a). 

For the completeness, let {fa} be a Cauchy sequence in the metric space 
(L,(u), d), where O < p < 1. By passing to a subsequence, we can assume 
that f |fn41 — fal? du < 27" holds for each n. We shall establish the existence 
of some f € L,(j) such that lim || f, — filp =Q 


282 Chapter 5: NORMED SPACES AND L,-SPACES 


Set gı = 0 and g, = | fil + |f2— fil +--+ Ifa — fn-i| for n > 2. Clearly, 
0<g, t and 


n)” du < Pan+) efa adus [| Al? du +i 
fien) n< fin H D fir i|” du fisi u < 00 


holds for each n. By Levi’s Theorem 22.8, there exists some g € L(y) such 
that O < g, t g ae. From 


n+k n+k 
\fase — fal =| 0 (i - fia) | = DO IA- fi- | = ante — 8r, 


i=n+1 i=n+1 


it follows that { f,} converges pointwise (a.e.) to some function f. Since | f,| = 
[fi + tona = fi-1)| < gn < g hold a.e., we see that |f| < g a.e. also holds. 
Therefore, f € L (u). Now, note that | f, — f| < 2g and | f, — f |P — 0 hold, 
and so by the Lebesgue Dominated Convergence Theorem, we see that 


a= fis Ppa 0. 
Therefore, (L p(l), d) is a complete metric space. 


Problem 31.19. Jf (X, S, p) isa finite measure space, then show that the vector 
space of all step functions is norm dense in Loo({L). 


Solution. Let f € L..(u) and let € > 0. Choose some C > O such that 
|f(x)| < C holds for almost all x, and then pick a partition —C = ay < a, < 

- = a, =C of [—C,C] with a; — ai- < £ foreach 1 <i < n. Let 
E; = f~"([a;-1,4;)), and note that (since u*(X) < oo) the simple function 
? = } 5—1 Xe, is a step function satisfying || f — Pll < £. 


Problem 31.20. If K is a compact subset of a metric space X, then show that 
there exists a regular Borel measure u on X such that Supp = K. 


Solution. Let K be a compact subset of a metric space X. Pick a countable 
dense subset {x,, x2,...} of K (see Problem 7.2) and then for each n consider the 
Dirac measure ôy, supported at the point x, (see Example 13.4). Now, consider 
the measure yz: P(X) — [0, 1] defined by 


u(A) = $28, (A) DD 


n=] neA 


where A = {n e€ N: x, € A}. 
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Clearly, u(X \K) = 0. On the other hand, if O is an open subset of X 
satisfying © N K # Ø, then for some n we have x, € O, and so u(O N K) = 
28 (ON K)=2" > 0. 

It remains to be shown that u is a regular Borel measure. To this end, let 
A C X be fixed. Note first that if Ca = {x1,...,%,}MA G A, then C, is a finite 
set (and hence, a compact set) and, moreover, u(C„) t (A) holds. Therefore, 

u(A) = sup{u(C): C compact and C C A}. 
In the other direction, note that if for each n we consider the open set 
O = X\ (x: 1 <i <n and x; £A) 
then A C OÖ, and u(On) | uw(A) (why?). Therefore, 
(A) = inf{u(O): O open and A C O} 


also holds, proving that u is a regular Borel measure. 


Problem 31.21. Jf {fn} is a norm bounded sequence of L2(2), then show that 
faln > 0 a.e. 


Solution. Assume that a sequence { fa} C L2(u) satisfies K fa¥du <C for all 
n, where C > 0 is a constant. Then, 


OCEN. Ja 
n=1 n=1 


holds. By the series version of Levi’s Theorem 22.9, we know that the series 
>>, (4y defines an integrable function. Therefore, L —> 0 a.e. must hold. 


Problem 31.22. Let (X, S, 1) be a measure space such that u*(X) = 1. If 
f, g € L(y) are two positive functions satisfying f(x)g(x) > 1 for almost all x, 


(fFan)-(feau) >, 


Solution. Note that the functions ./f and ./g both belong to L2(u) and 
satisfy /f(x)./g(x) > 1 for almost all x. Applying Hélder’s inequality, we 
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see that 
i= fidus [VF vedn < (fF yan)’ (fiva? iu). 


Squaring, we get (f f du) -(fgdu) > 1. 


Problem 31.23. Consider a measure space (X, S, 4) with u*(X) = 1, and let 
fig € La(u). If [ f du = 0, then show that 


(f redu)’ <[ fean- ( fean’ ] frau 


Solution. Put a = f gdu. Then, using Hölder’s inequality, we get 


|[fsau| =|f (te-ar)du| =| f fe -oan 
< fifle -aldu < (f Pau) (fe -a)*)’ 
= (fP au) (fedu 20 f edu a)’ 
= (fan) {fora feau) feau)+( fean] 
= (JP {fran (fea) ] 


Problem 31.24. If two functions f, g € L3() satisfy 


ifs = llells = h Admi 


then show that g = | f | a.e. 


Solution. Let p = 3 and q = 3, and note that ipi = 1. Clearly, f? € 
Lp) = L3(u), and since g € L3(), we see that f7g € L,(u). 
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Now, using Hélder’s inequality, we obtain 
1=|[Fedu| < f Plelan sis, lel, 
= [fo tau) -lels = AF1 del, = 


and so ff’gldu = | | i I, -Iigll = 1. By Problem 31.4, there exists a constant 
C > 0 such that C|f?|? = |g|*, or C|f|? = |g|°. From | f ls = lgl = 1, we 


infer that C = 1, and so |f]? = |g]? holds. Therefore, 
bigl| f| =|g| a.e. (*) 


From the relation 
| Piei-sau= f Piian- ffedu= fizPdu—1=1-1=0 


and f*(\g| — g) > 0 a.e., we conclude that f-(lg| — g) = 0 ae. Taking into 
account (x), the latter easily implies that g = |g| = |f| a.e. holds. 


Problem 31.25. For a function f € L\(w)NL2(u) establish the following prop- 
erties: 


a. f €L,(u) foreach! < p <2, and 
b. limp>1+ Ilfllp = IfI. 


Solution. Let f € L(a) N L2(); we can assume that f(x) € R for each 
x € X. Consider the measurable set A = {x € X: |f(x)| > 1} and then define 
the function g: X —> R by 


MO ifxeA 


EEA 6A. 


ie., g = f? xa + f xac. From our hypothesis, we see that g € Li(u). 
(a) Let 1 < p < 2. Then, the inequality 


PANAO REA — x 
Iœ |’ < a dA = g(x), (x) 


implies f € L,(y) foreach 1 < p <2. 
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(b) Let a sequence {p,} of the interval [1,2] satisfy pa —> 1. From (*), we 
see that |f|?" < g holds for each n. Now, from |f|?" —> |f| ae. and the 
Lebesgue Dominated Convergence Theorem, we infer that 


im Ll, = im (f1 ane)” = f ifldu = Oth, 


n—0o 


The preceding easily implies that gah If llp = fll holds. 


Problem 31.26. Assume that the positive real numbers aj,..., Qn Satisfy O < 
a; < 1 for eachi and )~'_,a; = 1. If fi,..., fn are positive integrable functions 
on some measure space, then show that 


a. fi fo? ++ f” € L(u), and 
b ff fy? fe du < (fill NAAND += fall) - 


Solution. We shall establish the result by using induction on n. For n = 1 
the result is trivial. For n = 2, note that f' € Li(u) and f}? € Li(y). 

5 - = a] a 
Since = "4 =) = a + a2 = 1, it follows from Hölder’s inequality that 
fr fy? € Li(u) and that 


fat rau < (f(a) au)" (f(r) au)” 
= (IA Mh) 


For the inductive argument, assume that the result is true for some n. Let 
fafaa benti integrable positive functions and let a, ..., Œn, @n+41 
be positive constants such that )-"*! æ; = 1. Put a = Der sad note that 


Vins S = 1. Now, by our induction hypothesis, we have Ae tes fa € L(x). 
Also, applying the case n =2 for a and 1 — @ = &n+1, we see that 


Sa se sii du = (A EY see dy 
< (SAE nE au) (f fada) 

< [WAWE + MAT (lah 
= (1A) (Ital) (lah 


and the induction is complete. 
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Problem 31.27. Let (X, S, m) be a measure space and let {A,} be a re 6 
of measurable sets satisfying 0 < Any < 00 for each n and lim tit = 
Fix1 < p < œo and let g = (u*(An)l* xa, (n = 1,2,...), where + + 1 = i 
Prove that lim f fga du = 0 for each f € Lp(n). 


Solution. Pick 1 < q < œo such that 1 p +3 =l andlet f € Lp(u). Then, by 
Hölder’s inequality, we have 


a = per 4 


)’ (flee? au)" =(f 141P du)’. 


From Problem 22.6, we know that lim f a,\f|?du =0, and therefore lim 
J £8n du = 0 likewise holds. 


Problem 31.28. Let (X,S, u) be a measure space such that u*(X) = 1. For 
each 1 < p < œ define the set 


Ep= |f eL: fifidu=1 and fifpPan=2}; 
Show that for each O < € < 1 there exists some p > O such that 
ur({x € X: |f(@)| > €)) > 8, 


for each f € Ep. 
Solution. Fix 0< £< 1. Foreach f € E, put 
Eş = fx € X: |f(x)| > £} and Fy = X\Ey = {x € X: |f(x)| < e}. 


From If \xr, < E€xr,, it follows that Sr, |f|du < eu*(Ff) < £, and so 


[\slau= fitan- f |rjau>1—e. (x) 
Ey XxX Fy 
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Now, if 1 < q < oo satisfies - + 7 = 1, then Hélder’s inequality implies 


[slaw < (f, 1P an)” (ff wan)" 


= ( [ Flan)" [wren] < 27 [uE p]. 
f 


il 
A glance at (+) shows that 1 — € < 27 [u*(E,)]*, or 
w(Es) > E = GF =F 
holds for each f € €,, and the desired conclusion follows. 


Problem 31.29. Let(X,S, 1) be a measure space and let 1 < p < co and Q < 
n </p. 
a. Show that the nonlinear function :L,(u) > Le(u), where W(f) = 


|f|", is norm continuous. 
b. If fn > f and g, — g hold in L p(n), then show that 


Tim f Ife du = f Ifi du. 


Solution. (a) It should be clear that y maps indeed L(y) into L 2 (u), and that 
y is nonlinear. Let fa > f in L,(u) (ie., let || fn — flip — 0) and assume 
by way of contradiction that Y(fa) 7 W(f) in Le(u). So, by passing to a 
subsequence, we can assume that there exists some £ > 0 such that 


[vend — vl, = (SUA -IF du)? = e. (xt) 


Now, by passing to a subsequence again, we can assume that there exists some 
function 0 < g € L,(u) such that |f,| < g p-a.e. holds for each n and 


tn —> f ae.; see Lemma 31.6. Zerefore, the relations |l fal” — Mub < 
(igi"+1f1")" E L(y) and lLfal"—1 "|" " —> 0 a.e., coupled with the Lebesgue 


Dominated Convergence Theorem, imply || f," — |f We du —> 0, which 
contradicts (x+). Consequently, the nonlinear mapping y is norm continuous. 
(b) Notice that the two nonlinear functions y:L,(u) > Le (yw) and yz: 
Lp(u) > Le(u), defined by ab 


yilu) = |u" and = y2(v) = |u|”. 
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are—by part (a)—both norm continuous. Therefore, 


(FA = IAP] e >0 and ligal” a ial" Je — 0. 


Now, observe that (L 2 (u))" = Le (u) holds. Consequently, from the duality 
(L (p), Le(u)), we see that 


J Lfal? "lent" da= (fal? Igal) > (FIP, lel”) = J IfP"g" dy, 


as claimed. 


Problem 31.30. Let T:L,(u)—> Lp(u) be a continuous operator, where 1 < 
p < œ, and let 0 < n < p. Show that: 


a. If f € Lp(u), then |f|P-"IT FI" € Li(u) and 
l IFIPITFP du < ITI (IFI). 


b. Iffor some f € L,(u) with flip < 1 we have f\f\P"|Tf\"dp = 
ITI”, then |T f| = IIT INF. 


Solution. Assume 7, 7, and f are as stated in the problem. 


(a) If n = 0 or n = p, then the desired inequality is obvious. So, assume 
0 < n < p and consider the conjugate exponents 


r=; and s=(1-}) =2. 


Since | f|?~" € L,(yu) and |Tf\" € Ls(w), we see that | f|?-"|Tf|" belongs to 
L,(u). Also, applying Hélder’s inequality with exponents r and s, we obtain 


| ISPIT dp < | f (gry an)” -| J (repr) au)’ 
=(fisrau)” -(f irs? au)" 


= (If ilp)? "(NTF)" < (WF lp)? "NTU" (UF lp)" 
= ITN" (NF lly)”: 
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(b) Assume that some f € Lp(a) with || f||p < 1 satisfies 
frrerirreran = ire. 

From Hölder’s inequality, we see that 


iru = f APTA du < (ise, NTE, 
ENS) "(ITF ip)” < ITI". 


Thus, f | f|?-"|Tf|" du = |f- LW i7 si", From Problem 31.4, there exists 
a constant c > 0 such that (IT fI") =c(|f|?-")’, or 


ITFI =clfl?. 


Therefore, |T f| = | f| holds for some à > 0. This implies A} f |p = |ITfllp < 
IT WF Ip and so à < IIT ||. Also, from 


ITI" = f IFIPITf dp = J FIPA f dy <a", 
we see that ||T || < A. Hence, A = ||T ||, and so |T f] = ||T IHfI. 


Problem 31.31. Let(X, S, pu) be a measure space and let f € L p(u) for some 
1 < p < œ. Show that the function g: [0, 00) > [0, oo] defined by 


g(t) = ptP™'u* ({x € X: fŒ) > t) 


is Lebesgue integrable over [0, 00) and that 
co 
J If dp = Í BOAMP Í tP-1 u*((x € X: |f) = tdt. 
(0,00) 0 


Solution. Let f € L,(); we shall assume that f(x) € R holds for each 
x € X. Let T = [0, 00) and consider the product measure space T x X. Also, 
let 

A= {(t,x)€T xX: 0<t< |f}, 


and note that (by Problem 26.8) the set A is u x A-measurable. Now, consider 
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the function A:T x X — [0, 00) defined by 


See) IOS te FSS) napi 
mey=|t if t > If) = pt” Xatt, x). 


In addition, we have 


Í [ Í h(t, x)ar(t) | dua) æ Í | Í pt?! xalt, x) da(s)| dult) 
K “JT X -JT 
\f@)| 
* [Uf pt?" de] du(x) 
x*J/0 


= JIO ano < 00. 
x 


By Tonneli’s Theorem (Theorem 26.7), the function h is integrable over T x X 
and 


f |f@)|? du) = i | i h(t, x) du(x)| dre), (*) 
X T “JX 


Put E, = {x € X: | f(x)| > t} and note that 


fre x)du(x) = | pipe d(x) = pt? u*(E,). 

X E, 

By Fubini’s Theorem (Theorem 26.6), we know that the function 
t> pt?'u*(E;) 


is integrable over [0, 00) and from (x), we see that 
[IEN ance) = p [ture nan p [owed 
T 


That the Lebesgue integral /.t?-'y*(E,)dA(t) is also an improper Riemann 
integral follows from the fact that the function t +> p*(E,) is decreasing—and 
hence continuous for all but at-most countably many t. 


Problem 31.32. Let (X,S, m) be a measure space and let f:X > R bea 
measurable function. If u*({x € X: |f(x)| > t}) < e™ forall t > 0, then show 
that f € L,(u) holds for each 1 < p < œ. 
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Solution. Let g(t) = w*({x € X: |f(x)| = t}), t = 0. In view of Prob- 
lem 31.31, we must show that f>°r?-'g(t)dA(t) < oo. Since for each t > 0 we 
have 0 < g(t) < e™', it suffices to establish that [j°t?~'e~' dt < oo. 

To see this, start by observing that by L’ H6pital’s Rule we have 


å p-1 
lim ¢?-'e-? = lim rig = 0. 
t> t> e 


So, there exists some M > 0 satisfying 0 < tP-1e-i < M forall ¢ > 0. 
Hence, 


foe) co 
o< f tP—le— dt T| tP-lete i dt 
0 0 
9 t 
al Me~idt =2M < oo, 
0 


as desired. 


Problem 31.33. Consider the vector space of functions 
E= { f{:R" —> R| f is a C™-function with compact support and f fax = O}. 
R” 


Show that for each1 < p < oo the vector space E is dense in L,(R"). Is E dense 
in L,(R")? 


Solution. We shall prove the result for the special case n = 1. The general case 
(whose details can be completed as in Problem 25.3) is left for the reader. The 
proof will be based upon the following property: If 1 < p < œ, € > 0, h >Q, 
and a positive integer n are given, then there exists a C%-function ¢:R — R 
such that 


Supp ¢ is compact and Supp ¢ C [n, oo); 

0 < d(x) < h forall x € R; 

SRo dd = 1; and : 

lġlp = (fab? dr)? < €. 

To see this, assume 1 < p < 00, £ > 0, h > 0, and the positive integer n are 


given. If k is an arbitrary positive integer, then (by Problem 25.3) there exists a 
C®-function f:R — R such that: 


-T 


a. Suppf C[n,n+k+2]; 


Section 31: L»-SPACES 293 


b. O< f(x) < 1 foreach x eR and f(x) = 1 foreach x e [n+1,n+ 
k + 1). 


If c = ff dà > 0, then the C*-function ¢ = t f satisfies Suppo C [n,n + 
k +2] C [n, 00), JRO dà = 1, and (in view of c= fpf dà > ft idx =k) 
0 < (x) < } foreach x € R. In addition, we have 


ul n+k+2 pf 
loll = (foa) < [| (aa | 
R n 
1 
(k4+2)? znj tet 
ede (Haye 
In view of 1 < p < œ, we see that Limy-so (£2)? 7 RE 0, and so a 


sufficiently large k will yield a function @ with the desired properties. 

To complete the proof, let f € L?(IR) and let € > 0. As in Problem 25.5(b) 
(how?), there exists aC-function g with compact support such that || f —gllp < 
e. If m = f,gda = 0, then g € E, and we are done. So, assume that m Æ 0. 
Pick a positive integer n such that Supp g N [n, 00) = Ø, and then (by the prior 
discussion) pick a C®-function @ with compact support such that: 


i. Suppo C [n, oo); 

li. @(x)>0 foreach x e R; 
iii, fp@daA=1;and 
lġlp = (ae? da)” < al: 


Now, consider the function Y = g — mọ, and note that y € E and 


= 


If-v], =F -8)+me], 
< |f- 8l, + imill, 
<e+ imile], <e+e=2e. 


Therefore, E is dense in L ,(R). 


The vector space E is not dense in L (IR). For instance, consider the function 
f = x01) € L\(R). If ¢ € L\(R) satisfies S\f -—@|da < 1, then from 


1- fodr= [f -pas fif -oa <}, 
R R R 


it follows that [pġ dà > 1— 5 = }, and so @ ¢ E. This shows that E is not 


dense in Lı (R). 
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Problem 31.34. Let (0, 00) be equipped with the Lebesgue measure, and let 
1 < p < oo. For each f € Lp(àÀ) let 


T(f)(x) = x7! ji fXoxdà for x > 0. 


Then show that T defines a one-to-one bounded linear operator from L ,((0, 00)) 


into itself such that |T || = oT 


Solution. For simplicity, we shall write Tf instead of T(f). Consider an 
arbitrary function 0 < f € C,((0,00)). Choose some M > 0 so that 0 < 
f(x) < M holds for all x > 0. 

If 7 = fy f(t) dt, then the function 


1 Mimeit O =< S 
8(x) = £ Me ooi] 


belongs to Lp((0, 00)). Since 0 < Tf < g holds, we see that Tf belongs to 
Lp((0, 00)). Also, in view of the inequalities 


o<x(!f soar)’ =x[TF <x[ee/’, 
it follows that 
x(4 f f fode) | = 0. 
0 0 
Now, integrating by parts and using Hölder’s inequality, we get 
(ITA) [¢ [ teat)’ ax = es [(f roar)’ ae) 
= [x(t Í Sod) =p J fo! $ fode) ax] 
= f FWIT fæ" dx 
< lh rroge a) 


= AM, (ITA). 
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This easily implies that 
I7F |, = sls, 
holds for all f € C,((0, 00)). In other words, 
T:Ce((0, 00)) — Lp((0, 00)) 


defines a continuous operator such that ||T || < oT holds. 

Since C,((0, 00)) is norm dense in L,((0,00)) (Theorem 31.11), T has a 
unique continuous (linear) extension T* to all of L,((0, 00)) such that ||7*|| < 
57 holds. Our next objective is to show that T* f(x) = 1 fy FOA = Tf (x) 
holds for all f € Lp((0, 00)) and all x > 0. 

To this end, let 0 < ø bea step function. Choose some C > 0 satisfying 
0 < (x) < C forall x > 0. By Theorem 31.11, there exists a sequence {fr} of 
C-((0, c0)) with lim {| fn — |? dA = 0. We can assume that lim f(x) = $(x) 
holds for almost all x (see Lemma 31.6). In view of 


EAC —$|=|f, AC-OAC|<|f, -C|, 
replacing {fn} by {fn ^ C}, we can assume that 0 < f,(x) < C holds for all 
x > 0 and all n. Since lim ||T fa — T*||, = 0, we can also assume (by passing 
to a subsequence) that T f,(x) —> T*¢(x) holds for almost all x. Next, observe 


that for each fixed x > 0 we have ø € L;((0,x)) and so, by the Lebesgue 
Dominated Convergence Theorem, we see that 


T*$(x) = lim Tf,(x) = lim 4 | falt)da() = 4 Í EOG 
n—> 00 n> 00 0 0 


holds for almost all x. Now, let 0 < f € Lp((0, co)). Choose a sequence {dp} 
of step functions with 0 < ¢, + f. In view of 


lim |T*n — T* f llp =0, 
we can assume that T*d,(x) —> T* f(x) holds for almost all x. Taking into 


account that for each fixed x > 0, we have f € L,((0,x)) S Lı((0, x)), the 
Lebesgue Dominated Convergence Theorem implies 


T* f(x) = lim T*d,(x) = lim 4 ih OLORE. i EOLO 
n—> o0 n—> o0 0 0 


holds for almost all x. Thus, T* = T holds. 
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Next, we shall show that ||T || = -5 holds. We already know that ||T || < so 
holds. So, it must be established that ITI > > sats To this end, let 


Dp" i 0 l 

x ESE 
x)= 

fa) t ifx>1. 

Then, (Il fallp)” = La dx = n, and moreover, 


“agen ifO0<x <1 


neat) Tne s ree ts 


Consequently, we have 
MERY = i IT fax) |? d(x) 


n P i aj $, 
= |] [f= dx+ | x Pax] 


p 
M er). 


and so 
al 1 
mel” + sail’ = ITA, ITI fl, = 7] n. 
This implies 
1 
ee sgn)” —> t 


from which it follows that ||T || > er also holds. 

Finally, we establish that T is one-to-one. Assume that Tf = 0 holds for 
some f € Lp((0,00)). Then, fọ f(t)dA(t) = 0 holds for all x > 0. Now, 
by Problem 22.19, we infer that f = 0 a.e. holds, and so the operator T is 
one-to-one. 


CHAPTER 6 


HILBERT SPACES 


32. INNER PRODUCT SPACES 


Problem 32.1. Let c),¢2,..., Cn, be n (strictly) positive real numbers. Show 
that the function of two variables (.,-):R" x R” — R, defined by (x,y) = 
> =1 CiXi yi, is an inner product on R". 


Solution. Notice that for all vectors x = (x1,...,%n), Y = (Yı, ---, Yn) and 
z = (Zi, ..., Zn) in R” we have 


n n n 
(ax + By, z) =) ci(ax;+By;)zi=0 > cimzi+B D> ciyizi=a(x, 2)+B(y, 2), 
i=l i=l i=l 


n n 
(x,y) = $ cixiyi = $ ciyixi =(y,x), and 
i=l i=l 
n 
(x,x) = Yo cix? > 0; 
i=l 
Moreover, (x, x) = J`; cix? = 0 implies c;x? = 0 for each i, and so (since 


ci > Ofor each i) x; = 0 for each i, i.e., x = 0. The above show the function (-, +) 
is an inner product on R”. 


Problem 32.2. Let (X,(-,-)) be a real inner product vector space with complex- 
ification Xe. Show that the function (-, -):X. x Xe > C defined via the formula 


(x + 1y, x1 +191) = (x, x1) + (y, 1) +l (y, x1) — (x, y1)). 


is an inner product on X«. Also, show that the norm induced by the inner product 
(-,-) on Xe is given by 


lx +yli = JO, x) +0, y) = (lx? + Iyl?) 
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Solution. Let x; +1y1, x2 +1y2, x3 +193 E€ Xe. We check below the properties 
of the inner product. 


1. (Additivity) 


(x1 + 1y1) + (2 + tyr), x3 + Ls) 
= (xı +.x2 +1(y1 + y2), X3 + 1y3) 
= (x1 + x2, x3) + (1 + y2, Ys) +| On + y2, x3) — (x1 + 22, y3) | 
= (x1, x3) + (Y1, Y3) + 4L(Y1, x3) — (x1, ¥3)] + (2, x3) + (2, y3) 
+ 1[(y2, x3) — (x2, y3))) 
= (x; + ly, x3 + Ly3) $ (x, ely), T Ly3). 


2. (Homogeneity) 


((@ + 1B)(x1 + 1y1), X2 + 172) 
= (ax; — yı +1(Bx1 + ay), x2 + 12) 
= (ax; — By), x2) + (xı +ary1, y2) + 1[(Bx1 + ay, x2) 
—(ax; — By, y2)] 
= (a + 1)| (x1, x2) + (1, y2) + 1101, x2) — Gr, y2)1 | 
= (a + 1B)(x1 +191, X2 +12). 


3. (Conjugate Linearity) 
(x1 +171, X2 +172) = (41, x2) + On, Y) FHL, x2) — Gr, DI 
= (x1, x2) + Y1, y2) + 1[(x1, y2) — Q1, x2)) 


= (x2, x1) + (y2, y1) + 1 E(y2, x1) — (2, y1)) 
= (x2 +1y2, X1 +191). 


4. (Positivity) 


(x1 +y, 21 +11) = i, x1) + Yi, y1) = 0. 


Moreover, 


(a +091, 21 +191) = (ar, 21) +01, 1) = 0 = 1 =v =0 S> x +1y, =0. 
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Problem 32.3. Let Q be a Hausdorff compact topological space and let be 
a regular Borel measure on &2 such that Supp 4 = Q. Show that the function 
(-, ): C(Q) x C(Q) > R, defined by 


(f,g) = fts du, 


is an inner product. Also, describe the complexification of C (Q) and the extension 
of the inner product to the complexification of C (9). 


Solution. If f, g,h € C(Q) and a, B € R, then note that 


(af +Bg, h) = / Fipe =o i fhdu+p i ghdp =a(f,h)+B(g, h), 
Q Q Q 
(f,g) = [teau=f ef du=c, f), and 


(f, f) = [Pauzo 


Moreover, observe that (since Supp y = Q) a function f € C (Q) satisfies 


A= f fdu EN 


The complexification C,({2) of C (Q) consists of all complex-valued functions 
f +1g, where f, g € C(Q). The complex inner product is given by 


Vale is fray 


for all f, g € C-(Q). 


Problem 32.4. Show that equality holds in the Cauchy—Schwarz inequality (i.e., 
K(x, y)| = Ilx ly ll) if and only if x and y are linearly dependent vectors. 


Solution. Assume |(x, y)| = ||x|| ||,y||. If x = 0, then the conclusion is obvious. 
So, assume x # 0. Let (x, y) = re'®. Replacing x by e~'®x, we can assume 
without loss of generality that (x, y) = r > 0, and so (x, y) = ||x|I ly]. Now, 
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notice that for each real A we have 


0 < (Ax +y, Ax +y) = AlN HALE, y) + yD] + y 
= AÊlx h? + 2A(x, y) + Iyi? 
= AÊ? + 2AN yi + Ny? 
= (Alix + Iyl)”. 


So, if à = =w, then (Ax + y, àx + y) = O or àx + y = 0. This implies 
llyllx — llxl||y = 0, which means that the vectors x and y are linearly dependent. 

If x and y are linearly dependent, then the equation |(x, y)| = |Ixll Iyl should 
be obvious. 


Problem 32.5. If x is a vector in an inner product space, then show that 


lxi = sup |(x, y). 
Iyi=1 


Solution. If x = 0, then the conclusion is obvious. So, we consider the case 
x # 0. If |ly|| = 1, then the Cauchy—Schwarz inequality implies |(x, y)| < 
xl yl] < [|x|]. Therefore, we have 


sup |(x, y) < Ilx]. 
Iyi=1 


For the reverse inequality, let z = x/||x||. Then, ||z|| = 1, and so 


wd I(x, y)] > I, 2| = Ix, xx] = Œ, xx = Ixl- 


Therefore, ||x|| = sup),)_, I(x, y)|, with the supremum being in actuality the 
maximum. 


Problem 32. Show that in a real inner product space x  y holds if and only j 
if lx + yil* = Ixl + lyl!?. Does |x + yl? = lix? + Ily? in a complex inner 
product space imply x L y? 


Solution. Let x and y be two vectors in a real inner product space. If x L y, 
then the Pythagorean Theorem gives ||x + y||? = ||x||? + |Iyl[?.. Conversely, if 
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lx + yll? = xl? + I]yl?, then from 


Ix + yl? = œ +y x +y) =, x) +x, y) +y, x) +0, y) 
= Jx? +(x, y) + O, x) + Iyl? 
= xl? +2, y) + Ilyll’, 


it follows that 2(x, y) = 0, and so x L y. 

In complex inner product space the Pythagorean identity xy? = lx? + lly? 
does not imply x L y. To see this, consider a non-zero vector x and let y = 1x. 
Clearly, || yl]? = (1x, 1x) = ||x|/?. Now, note that 


lx + yl? = |x tox]? = 1 +x)? = |b +2)? Well? 
= xl = Ix? + lly’, 


while (x, y) = (x, 1x) = —1||x||? 4 0. 


Problem 32.7. Assume that a sequence {x,} in an inner product space satisfies 
(Xn, x) > [x||* and ||x_\| > ||x||. Show that x, > x. 


Solution. Observe that (x„, x) — ||x||? implies (x, x,) = Œn, X) > ||x||2 = 
\|x||?. So, from 


ln — x |l? (Xn =X, Xn — x) 


Wn ll? — (x, Xn) — On x) + ia 


2 2 2 2 
E =x als + lal =, 
it follows that ||x, — x|| —> 0, i.e., x, — x. 


Problem 32.8. Let S be an orthogonal subset of an inner product space. Show 
that there exists a complete orthogonal subset C such that S C C. 


Solution. Assume that S is an orthogonal subset of an inner product space X. 
Let C denote the collection of all orthogonal sets that contain S. That is, an 
orthogonal set A of vectors of X belongs to C if and only if S C A. If we consider 
C partially ordered by the inclusion relation C, then it is easy to see that C satisfies 
the hypotheses of Zorn’s Lemma. Now, notice that any maximal element C of C 
is a complete orthogonal set satisfying S C C. 


Problem 32.9. Show that the norms of the following Banach spaces cannot be 
induced by inner products. 
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a. The norm |\x\| = max{|x1], |x2|,..., Xal} on R”. 
b. The sup norm on C{a, b]. 
c. The Ly-norm on any L p(u)-space for each 1 < p < 00 with p £2. 


Solution. (a) Consider the vectors x = (1,0,...,0) and y = (0, 1,0,...,0). 
Clearly, 


lxi = Iyl = lle + yll = lx — yl = 1, 
and so 
lx + yl? +x- yi? =2 and 2x? + 2y? = 4. 
Therefore, ||x + y||* + |x — yll? # 2||x||? + 2I| y||? and consequently the norm ||- | 
does not satisfy the Parallelogram Law. This implies that the norm || - || cannot be 
induced by an inner product. 
(b) Again, we shall show that the sup norm ||- ||... does not satisfy the Parallelogram 
Law—and this will guarantee that the sup norm is not induced by an inner product. 
To see this, consider the two functions 1 (the constant function one) and f: [a, b] > 
R defined by f(x) = |=“. Now, note that 
HL lloo = WF lloo = 1, WL+ flo =2, and |J1— fllo = 1. 
Therefore, 
(IL + Filo)? + (1 — flo)? = 5 # 4 = 2il)? + 2f lloo)*, 
so that the norm || - ||.. does not satisfy the Parallelogram Law. 
(c) Assume that there are two disjoint measurable sets E and F such that 0 < 


u*(E) < oo and 0 < u*(F) < oo. First, we consider the case p = oo. Then, 
note that 


WXElloo = WXFlloo =1 and |l\xe + xrl = lixe — XFllo = 1, 
and consequently, 
(xz + xr loo)” + (Xe — XF llo)? = 2 # 4 = Axe llo)? + AM XF lloo)”- 


This shows that the norm || - Ilo does not satisfy the Parallelogram Law and so is 
not induced by an inner product. 
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Now, consider the case 1 < p < oo with p # 2. The functions f = 
ad i 
[u* (E)? xe and g = [u*(F)] ’ xr satisfy || f |p = Ilgl|p = 1, and hence, 


XFN)? + Xgl? = 4 = 2. 
Also, from |f + g|? = |f — gl? = |f |P + |g|P, we see that 
MF + glp? +F — allp) = (27)? + (27)? = 2(27) = 2" 
Since p # 2, we have 2'+> + 22, and so 


(If + el? + UF- glp)? FUN f lly + 2gp). 


This shows that the norm || - ||, does not satisfy the Parallelogram Law and so it 
is not induced by an inner product. 


Problem 32.10. Show that a norm || - || in a complex vector space is induced by 
an inner product if and only if it satisfies the Parallelogram Law, i.e., if and only if 


lx + yl? + lx — yl? = 2(Ixll? + Iyl?) 


holds for all vectors x and y. Moreover, show that if ||- || satisfies the Parallelogram 
Law, then the inner product (-, -) that induces || - || is given by 


1 
G.y) = al lx + yl? — lx — yl? + alle +y? — iix — yl). 


Solution. [If ||- || is induced by the inner product (-, -), then for all vectors x and 
y, we have 


lx + yll? + lx — yl? = ay, x+y) +a- yx- y) 
= [(x, x) + (y, x) + (x, y) + Y, y) 
+ [(x, x) = (y: x)= (w y+, p 
= 2llx I? + Kyl. 


For the converse, assume that the norm || - || satisfies the Parallelogram Law. 
Consider, the complex-valued function (., -) defined by 


1 
Œ, y) = F Clx + yi? = lx = yi? +i yi? = ile = y?) 


Clearly, (x, x) = ||x||? holds for all vectors x. To finish the solution, we shall 
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verify that (+, -) is a complex inner product. Start by observing that 
1 
(yx) = a (Ty +1? = Hy — x1? + ally +l? ally — ext?) 


1 
= 4 (Ix + yi? = fx = yl? — D HM? +e — ay) 


1 
g(x + vil? = Wx — yl? alle tay + ole ay) 
= (x, y). 
Next, note that for all vectors u, v and w, we have 
4(u + v, w) + 4(u — v, w) 
= [llu + v + wl? — |lu + v — w|? + :|ļu +v +w? — illu +v —ıw|?] 
+[lu —v + wi? — lju — v — wl? + ilu — v +w? — illu — v — |] 
= [lu + w + vl? + llu + w — vl?) — [lu — w + vl? + lu — w — v7] 
+: [llu +iw + vlj? + lu +w -— vl|?] — [ilu Tw Fol + Ju —iw — vil7] 
= 2\\u + wll? + 2v? — 2lu — wI? — 2\Jv|)? 
+ 1[2|\u + iw||? + 2v? — 2u — 1w? — 2HJv|!7] 
= 2 flu + wil? — Ju — wil? + ilu +w? — ilu —rwl] 
= 8(u, w). 
Thus, for all vectors u, v, and w we have 


(u + v, w) + (u — v, w) = 2(u, w). (x) 


When v = u, (*) yields (2u, w) = 2(u, w). Now, letting u = ix +y) v= 
z — y) and w = Z in (x), we get 


(x,z)+(y,z) = (u + v, z) + (u — v, z) = 2(u, z) = (2u, z) = (x + y, 2), 


which is the additivity of (-, -) in the first variable. 
For the homogeneity, note first that 


1 
(1x, y) = g(x + yh? = flax = yh? + alfex + yll? — hix = yt?) 
1 
= gx + yl? — lix — yl? + alle + yll? — iix — yi?) 


1 
a RG + yl? — lx — yll? — alex + yl? + ilex — vt?) 
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1 
AG + yl? = lx = yl? = ili = ty)? + ilil + it?) 


1 
AG + yl? = Ix = yl? + iix + iyl? = ix — iô) 


1(x, y). 


Now, as in the proof of Lemma 18.7, we can establish that (rx, y) = r(x, y) holds 
for each “real” rational number r and all x, y € X. Since (., -), as defined above, 
is a jointly continuous function (relative to the norm || - ||), it easily follows that 
(ax, y) = a(x, y) holds for all a € R and all x, y € X. Finally, for an arbitrary 
complex number a + 18 and arbitrary vectors x and y, note that 


(ax + 1Bx, y) = (ax, y) + (B(x), y) 
a(x, y) + Bix, y) = a(x, y) + Bix, y) 
= (a + 1B)(x, y). 


((w + 1B)x, y) 


This establishes that (-, -) is an inner product that induces the norm || - ||. 


Problem 32.11. Let X be a complex inner product space and let T: X — X be 
a linear operator. Show that T = 0 if and only if (Tx, x) = 0 for eachx € X. 
Is this result true for real inner product spaces? 


Solution. Assume that (Tx, x) = 0 holds for all x € X. From the identity 
(T(x +y), x + y) = (Tx, x) + (Tx, y) + (Ty, x) + (Ty, y) 
and our hypothesis, it follows that 
(Tx, y)+(Ty,x)=0 (xx) 


for all x,y € X. Replacing y by ry in (»»x) yields (Tx, 1y) + (T(y),x) = 
1[—Tx, y)+ (Ty, x) ] = 0. So, 


—(Tx, y)+(Ty,x) =0 (x x x) 


holds forall x, y € X. Adding («*) and (««*), we get 2(T y, x) = Oor (T y, x) = 
for all x, y € X. Letting x = Ty, we get (Ty, Ty) = 0 and so Ty = 0 for 
i pe X,ie: T =0. 
For real inner product spaces the preceding conclusion is false. Here is an 
example. Consider the Euclidean space R? equipped with its standard inner prod- 
uct and define the linear operator T:R? — R? by T(x) = (—x2, xı) for all 
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x = (x), x2) € R?. Clearly, T # 0, and 
(Tx, x) = (—X2, X1) + (41, X2) = —X2x1 + x142 = 0 
holds for all x € R2. 


Problem 32.12. If {x,} is an orthonormal sequence in an inner product space, 
then show that lim(x,, y) = 0 for each vector y. 


Solution. Let {x,} be an orthonormal sequence in an inner product space, and 
let y be an arbitrary vector. Then, from Bessel’s Inequality, we have 


(0,0) 
EE Ei < 00. 
n=1 


This implies |(x„, y)|? — 0, and so (xn, y) > 0. 


Problem 32.13. The orthogonal complement of a nonempty subset A of an 
inner product space X is defined by 


At ={x €X:x1y forall ye A}. 


We shall denote (A*)~ by A++. Establish the following properties regarding 
orthogonal complements: 
a. A+ isa closed subspace of X, A © A++ and AN A+ = {0}. 
E FAC B, then B- CAL. 
c At = At = [L(A)]* = [L(A)]+, where L(A) denotes the vector 
subspace generated by A in X. 
d. IfM andN are two vector subspaces of X , then M+++4+N++ C (M+N)++. 
e. IfM isa finite dimensional subspace, then X = M @® M+. 


Solution. (a) If x, y € A+ anda, £ are arbitrary scalars, then for each z € A we 
have 


(ax + By, z) =a(x, z)+ B(y,z) =a0+ B0=0, 


and so ax + By € At. Therefore, A+ is a vector subspace of X. Since x € A 
implies x 1 y for all y € A+, it follows that x € A++, i.e., A C At. Now if 
x € AN At, then (x, x) = 0 or x = 0, and thus AN A+ = {0}. 

(b) Assume A C B and x € B+. If y € A, then y € B, and so y L x. This 
implies x € A+, and so B+ C A+. 
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(c) From A C A and Part (b), it follows that A+ C A+. Now, let x € A+ and 
let y € A. Pick a sequence {y,} E A satisfying yn —> y and note that 


(y, x) = lim (yn, x) = 0. 
noo 


Therefore, x € A +. Hence, At C A+, and thus At = A+. 

For the other equalities, note first that A C L(A) implies [ L(A) ]+ < A+. Now, 
fix x € A+, and let y € L(A). Pick y;,..., yy E A and scalars Ay,..., Ag such 
that y = J$; Avy;. Then, 


k k 
(y,x) = (Pama) = S Ain x) = 0. 
i=l i=l 


This shows that x € [ £(A) ]+. Thus, At C [ (A) ]4, and so A+ = [ L(A) }-. 

(d) From M C M + N, it follows that M++ C (M + N)++ holds. Likewise, 
N C M +N implies N++ C (M +N)++. Therefore, Mt++N1+ C (M+N)++. 

(e) Let M be a finite dimensional subspace of dimension n. In order to establish 
that X = M @ M+, we must show that every vector can be written in the form 
y +z with y € M and y e M+. (The uniqueness of the decomposition should be 
obvious.) 

Start by fixing a Hamel basis {x;, x2, ..., Xn} of M. Replacing (if necessary) 
{x1, X2, ..., Xn} by the normalized set of vectors that can be obtained by applying 
the Gram-Schmidt orthogonalization process (Theorem 32.11) to {x;, x2,..., Xn} 
we can assume that the set {x1, x2,...,X,} is also an orthonormal set. 

Now, fix x € X and consider the vectors 


’ 


T= >a, xk)xąų and y=x— oc. XK )Xk- 
k=l 


k=1 


Clearly, z € M and since (y, x) = 0 for each k, it easily follows that y e M+. 
Now, note that x = y +z € M @ MŁ. 


Problem 32.14. Let V be a vector subspace of a real inner product space X. A 
linear operator L: V — X is said to be symmetric if (Lx, y) = (x, Ly) holds 
forallx,y € V. 


a. Consider the real inner product space C [a, b) and let V = {f € C?[a, b]: 
f(a) = f(b) = 0}. Also, let p € C'[a, b] and q € C[a, b] be two fixed 
functions. Show that the linear operator L: V — C[a, b], defined by 


L(f) = (pf') +4f, 


is a symmetric operator. 


a adi 
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b. Consider R” equipped with its standard inner product and let A: R” — R” 
be a linear operator. As usual, we identify the operator with the matrix 
A = [a;;] representing it, where the jth column of the matrix A is the 
column vector Ae;. Show that A is a symmetric operator if and only if A 
is a symmetric matrix. (Recall that ann x n matrix B = [bij] is said to be 
symmetric if b;; = bj holds for alli and j.) 

c. Let L:V — X be asymmetric operator. Then L extends naturally to 
a linear operator L: Ve = {x +1y: x,y € V} > Xe via the formula 
L(x +1y) = Lx +1Ly. Show that L also satisfies (Lu, v) = (u, Lv) for 
all u,v € Ve and that the eigenvalues of L are all real numbers. 

d. Show that eigenvectors of a symmetric operator corresponding to distinct 
eigenvalues are orthogonal. 


Solution. (a) If f, g € V, then note that 


(Lf, 8) = [ bore + q(x) f (x))g(x) dx 
= f “Tpe) FG) dx ef | q(x) f(x)g(x) dx 
= pf ec’ | POF adx + / “g(x fag(x)a 
= f oY; (x)g(x) dx — J i P(x) f'(x)g (x) dx 
= g, Lg). i 
(b) Recall that the transpose of a matrix B = [b;;] is the matrix Bt = [b;;]. In 


terms of the transpose, a matrix A is symmetric if and only if At = A. Now, our 
conclusion follows immediately from the following two identities: 


(Ax, y) = (x, Aty) forall x,y € R”, and 
aij = (êi, Aej). 


(c) If u = x +y and v = x; + 1y; are vectors of Ve, then note that 


(Lu, v) = (L(x +1y), xı +11) = (Lx +1Ly, xı +1y1) 
= (Lx, xı) + (Ly, yı) + 1[(Ly, x1) — (Lx, yı)] 
= (x, Lx) + (y, Lyi) + 1[(y, Lx) — (x, Lyı)} 
= (x +1y, Lx; +ıLyı) = (u, Lv). 
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Now, assume that A € C is an eigenvalue of L: Ve — Xe. Fix a unit vector 
u € Xe satisfying Lu = Au, and note that 


à =A(u, u) = (Au, u) = (Lu, u) = (u, Lu) = (u, Av) = A(u, u) = À. 


This shows that à is a real number. 

(d) Assume that L: V —> X is asymmetric operator and let two nonzero vectors 
u,v € Ve satisfy Lu = Au and Lv = uv with à Æ u. By part (c), we know that 
à and u are real numbers. Therefore, 


(A — w)(u, v) = A(u, v) — u(u, v) = (Au, v) — (u, wv) = (Lu, v) — (u, Lv) = 0, 
and so (u, v) = 0. 


Problem 32.15. Let (., -) denote the standard inner product on R", i.e., (x, y) = 
141): for all x, y € R”. Recall that ann x n matrix A is said to be positive 
definite if (x, Ax) > 0 holds for all nonzero vectors x € R”. 

Show that a function of two variables (-, -): R" x R” — R is an inner product 
on IR" if and only if there exists a unique real symmetric positive definite matrix 
A such that 


(x, y) = (x, Ay) 


holds for all x, y € R". (It is known that a symmetric matrix is positive definite if 
and only if its eigenvalues are all positive.) 


Solution. Let (-, -): R” x R” — R bea function of two variables. Assume first 
that there exists a real symmetric positive definite matrix A such that 


(x, y) = (x, Ay) 
holds for all x, y, z € IR”. Then, for all x, y € R” and all a, B € R, we have 


(x, y) = (x, Ay) = (Ax, y) = (y, Ax) = (y, x), 
(ax + By,z) = (ax + By, Az) = a(x, Az) + B(y, Az) = a(x, z) + B(y,z), and 
(x,x) = (x, Ax) > 0 forall x €e R” and (x,x)=0 4> x=0. 


This shows that (-, -) is an inner product. 
For the converse assume that the function of two variables (-, -): R” x R" > R 
is a real inner product. Let e), ¢2,..., €» denote the standard unit vectors, and so 
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each vector x € R” is written as x = J; x;e;. It follows that 
n n n n 
(x, y) = (D tier, $ ei ) = D > tiy lenej) = (x, Ay) 
i=l jal i=l j=l 
for all x, y € IR", where A is the n x n matrix A = [(e;, e;)]. Clearly, A is a real 


symmetric matrix and in view of (x, Ax) = (x, x), we see that A is also a positive 
definite matrix. The uniqueness of A should be obvious. 


33. HILBERT SPACES 


Problem 33.1. Let (X, S, u) be a measure space and let p:X — (0, 0) be 
a measurable function—called a weight function. Show that the collection of 
measurable functions 


Lalo) = {f eM: fpf du <o) 
under the inner product (-, -): La(p) x L2(p) > R, defined by 


(f, 2) = [ots du, 


is a real Hilbert space. 


Solution. It should be clear that L2(p) is a vector space. Moreover, since f € 
L2(p) is equivalent to /p f € L(y), it follows from Hölder’s inequality that 


| [ere au|< (foifêan) (f olsan)’ < 00, 


and so (-, -) is well-defined. We leave it as an exercise for the reader to verify that 
(-, -) is indeed a real inner product. We shall prove that L2(p) is a Hilbert space 
by establishing that it is complete. 

To this end, let {fn} © L2(p) be a Cauchy sequence. That is, for each € > 0 
there exists some no such that 


Ie fal? = f olfa- fm? du = [ieh -Ptn Ptu <è 
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holds for all n,m > no. This means that the sequence of functions {p fa} S 
L>(z) is a norm Cauchy sequence of the Hilbert space L>(j2). Since L(y) is a 
Banach space (Theorem 31.5), it follows that there exists some function g € L7() 
such that 


[NBh -s Pan 0. 


Now, note that if f = ¢/./p, then f € L,(u) and 


lh- FP =f olfa- f Pau = fih -e Pdu —> 0. 


This shows that L>(¢) is norm complete and hence, it is a Hilbert space. 
The reader should also notice that L2(p) is exactly the Hilbert space L2(v) for 
the measure v: A, — [0, 00] defined by 


v(A) = | p(x) d(x) 
A 
foreach A € A,. 
Problem 33.2. Show that the Hilbert space L2[0, 00) is separable. 


Solution. Consider the countable set of functions { fk, n: k, n = 1,2,...}, where 


it Os x =< k 
Fen) = lo ok <x. 
We know that the continuous functions with compact support are dense in L?[0, oo) 
(Theorem 31.11) and so, we need only prove that the linear span of { fr n} is dense 
in the vector space of continuous functions with compact support. Observe that if 
this is established, then the linear span of { f;,,,} with rational coefficients would 
be a countable dense set. 

Let f € L2[0, 00) be a continuous function with compact support, and lete > 0. 
Fix an integer k such that f(x) = 0 for all x > k. By the Stone-Weierstrass 
approximation theorem, there exists a polynomial P(x) = `” o cnx" satisfying 
| f(x) — P(x)| < €//k for each x € [0, k]. Now, notice that if we consider the 
function g € L2[0, 00) defined by g(x) = Y>” o Cn fen (x), then 


If — all = ( “1f(a) - go) dx)’ =( | “14 ~ PO ax) 


< (f ga) =e 
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holds. This shows that the linear span of the countable set { fkn: k,n = 1,2,...) 
is dense in L2[0, co), and so L2[0, 00) is separable. 


Problem 33.3. Let {Wn} be an orthonormal sequence of functions in the Hilbert 
space Lla, b] which is also uniformly bounded. If {œn} is a sequence of scalars 
such that &n Yn — 0 a.e., then show that lima, = 0. 


Solution. Fix some constant C such that |y,(x)| < C hold for all n and for all 
x € [a, b]. Also, let {a,} be a sequence of scalars such that a, ,(x) — 0 holds 
for almost all x. 

Next, fix € > 0 so that eC? < T Now, by Egorov’s Theorem 16.7, there exists 
a measurable set E C [a, b] with A(E°) < € such that the sequence of functions 
{Œn Wn} converges uniformly to zero on E. So, there exists an integer m such that 
l&n Wn (x)| < € for all n > m and all x € E. Then, we have 


b 
kre J E Oita = f log ya(t) dt + / lor, a(t) |? dt 
a E Es 


< f PUF a,l f Walt)? dt 
E Ec 


lA 


e7(b — a) + lan |” ih C* dt 
Es 


eO — a) + €la,|7C?. 


lA 


This implies 4|æ„|? < (1 — €C?)|a,|? < €2(b — a) for all n > m, or 


lan| < €¥2(b — a) 


for all n > m. SinceO0 < € < apt is arbitrary, we have established that a, — 0. 


Problem 33.4. Let {¢,} be an orthonormal sequence of functions in the Hilbert 
space L{—1, 1]. Show that the sequence of functions {W,), where 


Yala) =(52-)? ba (z4 — *4)), 


is an orthonormal sequence in the Hilbert space Laja, b]. 


Solution. Observe that the inner product satisfies 


b — 
(abe: Ha) = J V(x) Vala) dx 


Fa J bt- 48) Baste ~ e)a 
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Making the substitution t = 52 (x — °42), we have dt = ;2-dx, and so 


1 
(Vas Van) = / Palt) Flt) dt = Sm. 


That is, {Yn} is an orthonormal sequence in the Hilbert space L[a, b]. 


Problem 33.5. Show that the norm completion X of an inner product space X 
is a Hilbert space. Moreover, if x, y € Ê and two sequences {xn} and {yn} of X 
satisfy Xn > x and y, —> y in x , then establish that the inner product of X is 
given by 


Res y) — lim (Xn; Yn): 
n—> o0 


Solution. Assume that Ê is the norm completion of an inner product space X 
and let x, y € Ê. Pick two sequences {x} and {y,} of X such that || x, — x|| —> 0 
and || Yn — y|| —> 0, where || - || is the norm of X (which is the unique continuous 
extension of the norm of X to X). Fix some constant M > 0 such that xn || < M 
and ||y,|| < M hold for each n. Then, using the Cauchy—Schwarz inequality, we 
have 


| Gus Yn) — m+ Ym) | = | Xn» Yn) — Xn» Ym) + (Ens Ym) — ms Ym) | 
= | (ns Yn — Ym) + (Xn — Xm, Ym) | 
< | Gn. Yn — Ym)| +| Gn — Xms Ym) | 
< [lXnll lyn — Yml + len — Xml [Lym 
< M( Xn — Xmll + lyn — Ymll ). 


This shows that the sequence of scalars {(x,, y,)} is a Cauchy sequence and hence, 
convergent. 

Next, assume two other sequences {x/,} and {y7} of X satisfy ||x/,, — x|| > 0 
and || y;, — y|| + 0. We can assume without loss of generality that ||x’ || < M and 
lly, | < M holds for each n. By the preceding lim(x/, y/) exists, and since 


| Gns Yn) — (hs Yn) |: = | ns Yn) — Cons Yn) + ens Yn) — re Ind | 
= | (in, Yn — Yi) + On — x1, y) | 

| Xn, Yn — y4) | + | en — xh, Yn) | 

len ll lyn — YA + len — ch I yll 

M (xn — xh ll + lyn — Yall) — 9, 


IA IA IA 
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it follows that lim(x,, yn) = lim(x;,, y/,). In other words, the formula 
(x, y) = lim (xn, Yn) (x) 
n> 00 


gives rise to well-defined scalar-valued function on Ê x X. 

Now, it should be clear that the properties of the inner product are transferred 
via (x) from the inner product of X to the function (+, +): XxX [C In other 
words, the formula of (x) is an inner product on X. Moreover, from 


Ixl? = lim [xq]? = lim (Xn, Xn) = (x, x), 
n> n> 00 


we see that the inner product given by («) induces the norm of Ê. 
Problem 33.6. Show that the closed unit ball of & is not a norm compact set. 


Solution. Let U/ = {x € £: ||x|| < 1} be the closed unit ball of £2. Now, for 
each n let e, = (0,0,...,0, 1, 0,0, ...), the sequence with 1 in its nth coordinate 
and zero elsewhere. Note that ||e„ || = 1 for each n and thus {e,} is a sequence of 
the unit ball of 27. (In fact {e,} is an orthonormal sequence of £3.) Now, notice 
that for n Æ m we have |le, — €m || = /2. This implies that {e,} does not have any 
Cauchy subsequences—and hence, it does not have any convergent subsequences 
either. Now a glance at Theorem 7.3 guarantees that Ù is not a norm compact 
subset of £2. 


Problem 33.7. Show that the Hilbert cube (the set of all x = (x1, X2, ...) E€ &2 
such that |x| < t holds for all n) is a compact subset of £2. 


Solution. Let C = LO x, ie) E l2: |x| < : foreach n = 1,2, sat 
Clearly, C is a closed subset of £2. Thus, in order to establish the compactness of 
C, it suffices to prove (by Theorem 7.8) that C is totally bounded. 

To this end, let € > 0. Fix some n such that $? „,; ¢ < £. Since the set 


k=n+1 K 
A = {(%1,..., Xn) E€ R": |x;| < } for 1 <i < n} is closed and bounded, it must 
be a compact subset of R”. Pick x',..., x" € A (where x! = (xi, ER 4) 


that A C |" B(x, £) holds. (We consider, of course, R” equipped with the 
Euclidean distance.) Now, for each 1 < i < m let y; = (xj,..., x/,0,0,.--)- 
Then, it is easy to see that C C |)” , B(y;, 2e) holds in £2. This shows that C 
is totally bounded, as required. 


cohen 33.8. Show that every subspace M of a Hilbert space satisfies M = 
M-~. 
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Solution. It should be clear that (M)+ = M +; see Problem 32.13. Therefore, by 
Theorem 33.7, H = M @ M+. Also, it should be noticed that M c M c M++, 

Now, letx € M+. From H = M @ M+, it follows that we can write x = u+ v 
withu € M andv € MŁ. This implies x- u = v € M+ andsinceu €e M c M+, 
we have x —u € M++. Hence, x —u e MN MH = (0) orx =u e M. 
Therefore, M++ C M also holds true, and so M++ = M, as desired. 


Problem 33.9. For two arbitrary vector subspaces M and N of a Hilbert space 
establish the following: 

a. (M +N)+ = MŁ AN+, and 

b. if M and N are both closed, then (M ON) = M+ + N+. 


Solution. (a)Letx L M +N. Then, x L y holds for all y € M and x L z holds 
for all z € N. That is, x € M+ and x € N+. Therefore, (M + N)} € Mt nN?. 

For the reverse inclusion, let x € M+ N N+ and let y € M + N. Write 
y =u +v withu € M and v E€ N and note that (x, y) = (x,u) + (x, v) = 0 
holds. Hence, x € (M + N)?+, and therefore M+ N N+ C (M + N)+. Thus, 
(M +N) = MŁAN+. 

(b) Now, suppose that M and N are closed subspaces. By the preceding problem 
we know that M = M++ and N = N++. Now, use part (a) to get 


(Mt+N+}) =MNAN. 
Therefore, 


(M NN)! =[(M+ + N+] = MI FNI. 


Problem 33.10. Let X be an inner product space such that M = M+- holds for 
every closed subspace M. Show that X is a Hilbert space. 


Solution. We need to show that X is complete in the induced norm. For this, it 
suffices to establish that X = Ê, where Ê denotes the norm completion of X. (We 
already know that Ê is a Hilbert space; see Problem 33.5.) To this end, let 2 € 2 
be a nonzero vector. 

The linear functional f: —> C defined by f(x) = (x, &) is nonzero and 
continuous. So, f restricted to X is also continuous and since X is norm dense 
in X, it follows that f:X — C is a nonzero continuous linear functional. In 
particular, its kernel M = {x € X: f(x) = 0} is a proper closed subspace of 
X. We claim that M+ + {0}. Indeed, if M+ = {0}, then it follows from our 
hypothesis that M = M++ = {0}+ = X, which is a contradiction. 


— 
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Next, fix a vector u € M+ with |ju|| = 1 and let v = f(u)u € X. Now, taking 
into account that f(x)u — f(u)x € M holds for each x € X, it follows that 


F(x) = f@)U, u) = FU), u) = (x, v). 
for each x € X. That is, (x, 2) = (x, v) for all x € X. Since X is dense in Ê, we 
get (x, v) = (x, å) for all x € X. That is, (x, v —&) = 0 forall x € Ê, and from 
this we conclude that 2 = v € X. So, X = X, and thus X is a Hilbert space. 


Problem 33.11. Consider the linear operator V: L2{a, b] —> Lala, b] defined 
by 


Vf (x) =f ye ar: 


Show that the norm of the operator satisfies ||V || < b — a. 


Solution. By Hilder’s Inequality, we get 


IVFGOI < f “flat < iL 'FOldt 
< [f rora] [f var}? 
< (b-a)i\/fI. 


Therefore, the norm of V satisfies 


b b 
ws = | WAOPd s-a) f ifar 
a a 
< (= aisi". 

This implies ||V || < b — a. 

Problem 33.12. Let {x„} be a norm bounded sequence of vectors in the Hilbert 
space £2, where xn = (x1, x3,x3,...). If for each fixed coordinate k we have 
lim, 00 x% = 0, then show that 


jim (xn, y) = 0 


holds for each vector y € 5. 
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Solution. Choose some A > 0 such that ||x,|| < A holds for all n. Now, 
fix a vector oo (Yı, y2,---) E€ l2 and let € > 0. Pick some m satisfying 


[eta lye 2)2 < 


Since for each ‘axed k we have limpo xg = 0, there exists an integer no 
satisfying lore XE Yk | < € forall n > no. Now, using the Cauchy—Schwarz 
inequality, we see that for each n > no we have 


(oe) m 
| etm s| dtm + > ema 
k= k=1 


k=m-+1 


E (E bet) 


k=m+1 k=m+1 
e+àc=(1+ì)c. 


l@n, X)| 


A 


lA 


Since € > 0 is arbitrary, we have shown that lim,—..0(%,, y) = 0 

Problem 33.13. Let H be a Hilbert space and let {x,} be a sequence satisfying 
jim n, y) = (x, y) 

for each y € H. Show that there exists a subsequence {x,,} of {xn} such that 


Jim [at _ | =0 


Solution. Start by noticing that we can assume without loss of generality that 
x = 0. Therefore, suppose 


lim (x,, y) =0 
n—> 00 


for each y € X. We claim that the sequence {x,} is norm bounded. To see 
this, for each n consider the continuous linear functional f,: H — C defined by 
fa) = (Y, Xn) for each y € H. By our condition, the sequence of bounded 
linear functionals {f„} is pointwise bounded. So, by the Principle of Uniform 
Boundedness (Theorem 28.8), there exists some C > 0 such that || fall < C for 
each n. Now, notice that (by Theorem 33.9) ||x,|| = || fal] holds for each n. 

Now, let kı = 1 and then choose k) > kı with |(x,,, x%,)| < 1. Next, an 
inductive argument shows that there exist integers kı < ky < k3 <--> < kn < 
kn+1 < +++ satisfying 


(Oks Xka) z270 foreach 1 <i <n. 
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To finish the solution, we shall show that 


Xey txk HAr Ho Fk 
n 


a < łici 
di n 


holds for each n. To see this, take inner products to get 


A 
n n 

| ini Xk | a Brant T Dojei tk,» Th) H 5° E Loja Xe,» Xr) 
n 


n2 
n{(C?4+(1+2-1+2-742-34+---4+2)| 24C 
< SSS E j 
This implies 
iim [ate te =O. 
n= n 
as required. 


Problem 33.14. Let p:[a,b] —> (0, 00) be a measurable essentially bounded 
function and for each n = 0, 1,2, ... let P, be a nonzero polynomial of degree n. 
Assume that 


b 
f P(x) Pr(x)Pm(x)dx = 0 for nm. 


a 


Show that each P, has n distinct real roots all lying in the open interval (a, b). 


Solution. By Theorem 33.12, we know that the sequence of orthogonal poly- 
nomials Po, Pi, P2,... is complete and coincides (aside of scalar factors) with 
the sequence of orthogonal functions of L2(p) that is obtained by applying the 
Gram-Schmidt orthogonalization process to the sequence of linearly independent 
functions {1, x, x”, x°, ...}. In particular, we have f’ p(x)x"P,(x)dx = 0 for 
all m =0,1,...,n — 1. Also, by multiplying each P, by an appropriate scalar, 
we can assume that each P, has real coefficients and leading coefficient 1. 

Now, fix one of these polynomials P,,, where n > 1. First, we shall show that Pn 
cannot have any complex roots. If P,, has acomplex root, then P, has a factorization 
of the form P,,(x) = [(x +a)? + B?]Q(x), where a and p are real numbers and Q 
is a polynomial of degree n — 2. Hence Q(x)P,(x) = [(x +a)? + B?][Q(x)}* = 0, 
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and from f} p(x)x"P,(x)dx = 0 for allm = 0, 1,..., — 1, it follows that 


b 
0< / P(x)Q(x)Pr(x) dx = 0, 


which is impossible. Hence, each P, has only real roots. This means that P,, has 
a factorization of the form 


P(x) = (x — ri)" (x — 12) + (x — ry)”, 


where rj,72,...,7% are real number and mi, m,...,m, are natural numbers 
such that mı + mı +--+ m; =n. 

Next, we claim that P, does not have any root outside of the open interval 
(a, b). To see this, assume that one root lies outside of (a, b), say rı < a. Then the 
polynomial Q(x) = (x — r2)" ---(x — rų)”* has degree less than n and satisfies 
O(x)P,,(x) > 0 for each a < x < b. But then, we have 


b 
0< J P(x)Q(x)P,(x)dx = 0, 


which is a contradiction. 
Finally, to see that each root appears with multiplicity one, assume by way of 
contradiction that one root has multiplicity more than one, say m, > 1. If, again 


Q(x) = i #2) ---(x TA if mı is even 
(x — rı)(x — r2)™? --- (x —rk)"* if mı is odd, 


then Q is a polynomial of degree strictly less than n and satisfies O(x)P,,(x) > 0 
for all a < x < b. But then, as previously, 


b 
0= f OOP da = 0, 


which is absurd. Hence, each polynomial P,, has n distinct real roots all lying in 
the open interval (a, b). 


Problem 33.15. Jn Example 33.13 we defined the sequence Po, Pi, P2,... of 
Legendre polynomials by the formulas 


P,(x) = i (x? « 1)", 


2"n! dx" 
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We also proved that these are (aside of scalar factors) the polynomials obtained by 
applying the Gram-Schmidt orthogonalization process to the sequence of linearly 
independent functions {1, x, x*,...) in the Hilbert space L2({—1, 1]). Show that 


for each n we have 
Py(1)= 1 and Pall = 524. 


Solution. The proof of the formula P,,(1) = 1 is by induction. Notice that for 
n = 0 and n = 1 the formula is trivially true. So, for the induction argument, 
assume that P,(1) = 1 holds true for some n. To complete the proof, we must 
show that P,,,;(1) = 1. To see this, note that 


I a 2 n+l 
Pry) = Pn Dl ada * aul) 
1 a: 2 n+l / 
= Hn + 1)! al ee )] 
1 


a” i 
= EEr + 1)x(x? — 1) ] 


i d" 
=e [ (x -De - 1)"] + 


= (x — 1I)Q(x) + P(x), 


d" 


2 n 
rA —) 


where the term (x — 1)Q(x) designates the form of the expression 


1 dQ 2 m 1 a n+l n 
o m age aE 


50, Fa = P,(1) = 1. 
Next, we shall compute the norm of P,,. Clearly, 


1 
IP,I? = h _ Pala) Pax) dx 


1 rad’ 2 "Y b 2 n 
= r | aa — 1) aca — 1) dx. 


Next, observe that the function (x? — 1)" = (x —1)"(x+1)" and all of its derivatives 
of order less than or equal to n — 1 vanish at the points +1. So, integrating by 
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parts n-times and using the previous observation, we obtain 


_1\" 1 d?” 1 
el? = OS fo? Sg? - Wide = [ (x? — 17" any dx 


—j])" | 
J -ga orde = a hoo fo Saw 


Using integration by parts to evaluate this last integral gives 


1 1 
[o-are] (1 =x)" (1 +x)" dx 
-1 -1 


l l +1 
Pd ad OE al us gy) CEES 
= A, t ai x) ai dx 


f. USN LEAS de Sr 


ae 


A 2n 

= ao D zl. TEDIS 
(n!)? Q2n+l 

~ (Qn)! (2n +1) 


Consequently, the norm of P, is given by 


dda (2n)! (n!)? 227+! k 2 
Pall emd ler (2n + 5 | Qn+1’ 


as claimed. 


Problem 33.16. Let {Tx}ac4 be a family of linear continuous operators from a 
complex Hilbert space X into another complex Hilbert space Y . Assume that for 
each x € X and each y € Y the set of complex numbers {(Ty(x), y): œ € A) is 
bounded. Show that the family of operators {Tz}ac4 is uniformly norm bounded, 
i.e., show that there exists some constant M > 0 satisfying \|Ta|| < M for all 
& EA. 


Solution. Observe that if Z is a Banach space over the field of complex numbers, 
then we may also consider Z as a Banach space over the field of real numbers. 
Therefore, the Principle of Uniform Boundedness (Theorem 28.8) can be applied 
to any Banach space over the field of complex numbers. 
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Fix a vector x € X. For each a € A define the complex valued continuous 
linear operator Ba: Y —> C by 


Ba(y) = (y, Ta(x)). 


Thus, {Be }wea is family of bounded linear operators from the Banach space Y to 
the Banach space of complex numbers C. From Theorem 33.9, we know that 


lBall = Te. 
Next, notice that for each fixed y € Y, it follows from 


(BeO) = IO, Ta(x))] = Ta), y) 


and our hypothesis that the family of continuous linear operators {Be}xea is point- 
wise bounded. Hence, by the Principle of Uniform Boundedness (Theorem 28.8), 
the family {B,},<4 is norm bounded. This means that there exists a constant 
M, > 0 (that depends upon x) such that ||B,|| < M, for alla € A. Thus, we 
have ||7..(x)|| < Mx for all a. 

Therefore, the family {Tx}uca of continuous linear operators Ty: X — Y is 
pointwise bounded. Invoking the Principle of Uniform Boundedness once more, 
we conclude that there exists a constant M > 0 satisfying ||T.|| < M for all 
æ € Å. 


Problem 33.17. Let {¢,} be an orthonormal sequence in a Hilbert space H and 
consider the operator T: H — H defined by 


LOIDI 
n=1 


where {æn} is a sequence of scalars satisfying lima, = 0. Show that T is a 
compact operator. 


Solution. Let B be the open unit ball of H. We need to show that T(B) is a 
compact set. For this, it suffices to show that T (B) is totally bounded. To this end, 
fix € > 0 and observe that there exists an integer m such that |a,| < € holds for 
all n > m. 

Next, define the operator Tm: H —> H by 


Tn(x) = D> ail, pi. 


iz] 
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Clearly, the range of Tm is a finite dimensional subspace of H and thus, Tm is a 
compact operator. Therefore, 7;,,(B) is a totally bounded set. Thus, there exists a 


finite set {yi, Y2» - » - » Yn} Such that foreach x € B there exists some 1 < k < n such 
that ||Tm(x) — yell < €. Now, Parseval’s Inequality )772, |(x, bil’ < lx]? < 1 
implies 


» 


IT@ — Tm(x)|]” 


w| = So aego 
l 


i=m+ i=m+1 
(0,0) 
2 2 2 2 2 
<2 SY |x, oP <e7llxI? < e. 
i=m+1 


Therefore, for each x € B there exists some 1 < k < n such that 


IT — ye] < [TO — Tm(X)|] + |] Tnx) — ye] < € + € = 2e. 
This shows that T (B) is totally bounded, and hence T is a compact operator. 


Problem 33.18. Assume that T,T*:H — H are two functions on a Hilbert 
space satisfying 


(Tx, y) = (x, T*y) 
for all x, y € H. Show thatT and T* are both bounded linear operators satisfying 
IT = NT") and ITT*I = \\T IP. 
Solution. By the symmetry of the situation, it suffices to show that T is a bounded 


linear operator. We shall show first that T is a linear operator. To this end, fix 
x, y € H and two scalars œ and f. Then, for each z €e H we have 


(T(ax + By), z) = (ax + By, T*z) = a(x, T*z) + BO, T*z) 
= a(Tx,z)+ B(Ty,z) = («Tx + Ty, z), 


or (T(ax + By) — aT x — BT y,z) = 0 for all z € H. This implies (by letting 
z=T(ax + By) —-aTx — BTy) that 


T(ax + By) = aT (x) + BT(y), 
aw: 


ie., that T is a linear operator. 
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Next, for each y € H with || y|| < 1 consider the linear functional fy: H — H 
defined by f,(x) = (x, T*y). Then, using the Cauchy—Schwarz Inequality, we 
see that 


IKONI = Ix, TO = (TO), y) < IT COM MY < WT ODI 


for all y €e H with ||y|| < 1. This implies that the set of linear functionals 
{fy: llyll < 1} is pointwise bounded and therefore, by the Principle of Uniform 
Boundedness, the set of linear functionals { f,: ||y|| < 1} is norm bounded. Thus, 
there exists some constant C > 0 such that || fy|| < C for all y € H with |ly|| < 1. 


Now, assume that y € H satisfies ||yl| < 1 and T*(y) # 0. Letting x = 
T*(y)/IIT*(y)||, we obtain 


(T*(y), T*())| = |œ TO) = AOI <C. 


‘ = 
IT*O)N FT 3 


This implies 
IT*I = supi T*O: Iyll <1} <C, 
and thus, T* is a bounded linear operator. By the symmetry of the situation, T is 


likewise a bounded linear operator. 
Now, note that for all x, y € H with ||x|| = |ly|| = 1, we have 


(Tx, yI =|, T*y)| < We Tyi < We TI yl = TA, 


and hence, ||T x|| = sup{|(7x, y)|: llyll < 1} < IIT*|| for all unit vectors x € H. 
This implies 


ITI = sup IIT) < IIT" I. 


Ix =1 


Using the symmetry once more, we get ||7'*|| < IIT |l, and so ||7 || = ||7*|l. 
Finally, for each x € H with ||x|| = 1, we have 


ITT*x < ITNT *| xt) = ITI, and 
IT*x\\? = (T*x, T*x) = (TT*x, x) < ITT* xl xl = ITT*N, 


and so by taking suprema, we get ||T 7*|| = ||7'||. 


Problem 33.19. Show that if T:H — H is a bounded linear operator on a 
Hilbert space, then there exists a unique bounded operator T*: H —> H (called 
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the adjoint operator of T ) satisfying 
(Tx, y) = (x, T*y) 
for all x, y € H. Moreover, show that ||T || = ||T"|]. 


Solution. Assume that T: H — H is a bounded linear operator on a Hilbert 
space. For each fixed y € H, the formula f(x) = (Tx, y) defines a bounded 
linear functional on H. By Theorem 33.9, there exists a unique vector T*y € H 
satisfying 

fy(x) = (Tx, y) = (x, T*y) 


for all x € H. Now, use the preceding problem to conclude that the unique 


function T*: H —> H defined above is, in fact, a bounded linear operator satisfying 
W7* I = IIT |l. 


34. ORTHONORMAL BASES 


Problem 34.1. Let {e;};<; and {f;}jez be two orthonormal bases of a Hilbert 
space. Show that I and J have the same cardinality. 


Solution. Assume that {e;};-; and {fj};<y are two orthonormal bases of a 
Hilbert space. First, suppose that / is a finite set. Then, from Theorem 34.2, it 
follows that {e;};<; is also a Hamel basis and so H is finite dimensional. Since 
the fj (as being mutually orthogonal vectors) are also linearly independent, we 
conclude that J must also be a finite set. This implies that {f;};<y is itself a 
Hamel basis for H , and so / and J must have the same number of elements. 

Now, suppose that 7 and J are infinite sets. For each i € I, we define the set 
of indices J; = {j € J: (ei, fj) # 0}. By Theorem 34.2, we know that each J; is 
nonempty and at-most countable. Next, we claim that 


J=| ju. (*) 


iel 


To see this, let j € J. Since {e;}j<; is an orthonormal basis, it follows from 
Parseval’s Identity that Ye; (fj, ¢i)|? = (fil? = 1, and so (e;, fj) # 0 holds 
true for some i € /. Thus, j € J; holds true for at least one i € /, and thus 
J= User Jj. 

Finally, to see that J and J have the same cardinality use («) together with 
the standard “cardinality” arithmetic; see, for instance, P. R. Halmos, Naive Set 
Theory, Springer-Verlag, 1974, pp. 94-98. 
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Problem 34.2. Let {e;};<; be an orthonormal basis in a Hilbert space H. If D 
is a dense subset of H , then show that the cardinality of D is at least as large as 
that of I. Use this conclusion to provide an alternate proof of Theorem 34.4 by 
proving that for an infinite dimensional Hilbert space H the following statements 
are equivalent: 


1. H hasa countable orthonormal basis. 
2. H is separable. 
3. H is linearly isometric to b2. 


Solution. Let {e;};-; be an orthonormal basis in a Hilbert space H and let D be 
a dense subset of H. Consider the family of open balls {B (e;, 3)},., » where 


B(e;, 3) = {x € H: lle; — x|| < i}. 


Since |je; — e;|| = /2 fori # j, it follows that {B (e;, 5)}ies is a pairwise 
disjoint family of open sets. Since D is dense in H for each i € Z, there exists 
some d; € D N B(e;, 5). Clearly, the mapping i +> d;i, from / into D, is one-to- 
one and this shows that D has cardinality greater than or equal of the cardinality 
of 1. 

Next, we shall prove the equivalent statements. To this end, assume that H is 
an infinite dimensional Hilbert space. 

(1) <= > (2) Let {e;, e2, ...} be a countable orthonormal basis for H. Then, 
the finite linear combinations of the e, with “rational” coefficients is a countable 
dense set. 

Now, assume that H is separable, and let D be a countable dense subset of H. If 
{é;}iey is an orthonormal basis, it follows form the first part that / has cardinality at 
most that of D, and hence, / is at-most countable. Since H is infinite dimensional, 
I must be countable, and so H has a countable orthonormal basis. 

(2) => (3) If H has a countable orthonormal basis, then H is linearly isometric 
(by Theorem 34.9) to £2(IN) = £2. 

(3) => (1) Obvious. 


Problem 34.3. Let I be an arbitrary nonempty set and for eachi € 1l let 
e; = Xi). Show that the family of functions {e;}ic is an orthonormal basis for 
the Hilbert space £,(1). 


Solution. For each i, let e; = xy) and note that the family of functions {e; }iez 
is an orthonormal family. Now, notice that if x = {x;)je, € €2(/), then 


Wx? = So xl? = Do cx, e. 


iel iel 


This shows that {e;};c; is an orthonormal basis for the Hilbert space £3(7). 
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Problem 34.4. Let {e;}i<; be an orthonormal basis in a Hilbert space and let x be 
aunit vector, i.e, ||x|| = 1. Show that for each k € N the set {i € 1: x, e) > +} 
has at most k? elements. 


Solution. From Parseval’s Identity we know that 


L= xl? = ole, e). 


iel 


Let A = {i € 1: |(x,e;)| > i }. If A has more than k? elements, then by choosing 
k? + 1 indices from A, we see that 


1= |x? =) l@,e)? = (e+ Dp > 1, 


ie] 
which is impossible. Therefore, A has at most k? elements. 


Problem 34.5. Let M be a closed vector subspace of a Hilbert space H and let 
{e;}iey be an orthonormal basis of M; where M is now considered as a Hilbert 
Space in its own right under the induced operations. If x € H, then show that 
the unique vector of M closest to x (which is guaranteed by Theorem 33.6) is the 
vector y = } e (xX, €i)ei. 


Solution. Assume that {e;};c; is an orthonormal basis for a closed subspace M 
of a Hilbert space H and let x € H be a fixed vector. Note first that Parseval’s 
Inequality guarantees that )°;_, |(x, €:)|? < ||xlI, and so y = )°;-,(x, ee isa 
well-defined vector of M. 

We claim that x — y L M. To see this, let z be an arbitrary vector of M, and let 
TAD jer 2, €j)ej be its Fourier series expansion as a vector of M. Then, we have 


G,x-y)= bag een A = MiG, eiei) 


jel iel 
E = DD eene) 
jel jel iel 
= e e;Xej, x) — C, ee), x) =0. 
jel jel 


Now, if z is an arbitrary vector of M, then y — z € M and so x —y L y =z. 
Hence, by the Pythagorean Theorem, 


lx — zI? = Iœ — y) + (y — z)? = lx — yll? + lly — zI? = x — yl. 


This shows that y is the vector in M closest to x. 
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Problem 34.6. Let {e,,} be an orthonormal basis of a separable Hilbert space. 
For each n let fa = €n41 — en. Show that the vector subspace generated by the 
sequence {fn} is dense. 


Solution. We need to show that if x L f, for all n, then x = 0. So, let x be a 
vector satisfying x L (en+ı — én) for each n. That is, 


O = (x, en41 — Cn) = (X, Cn41) — (X, en). 


This implies (x, en4.1) = (x, en) for each n. If we let ô = (x, e1), then 6 = (x, én) 
for all n, and by Parseval’s Identity 


co co 
2 2 
II? = Y e e=) 
n=1 n=) 


Therefore, 5 = 0, and hence, ||x || = 0, or x = 0. 


Problem 34.7. Show that a linear operator L: Hı — H, between two Hilbert 
spaces is norm preserving if and only if it is inner product preserving. 


Solution. Let L: H; — H> be a linear operator between two Hilbert spaces. If 
L is inner product preserving, then 


Lx]? = (Lx, Lx) = (x, x) = lx? 


holds or || Lx || = ||x|| foreach x € H1, i.e., L is norm preserving. For the converse, 

assume that L is norm preserving. Then, from Theorem 32.6, it follows that 

(Lx, Ly) = 3(ilLx + Ly|? — Lx — Lyi? +2 ||Lx + Lyi? — Lx —1Ly|’) 
= (WL + yW — IL — yM? + LE Hy? — JL —2y)I) 

L(x + yl? — lx — yi? + ix + yh? — alle — yh?) 

(x, y). 


That is, L is inner product preserving. 


Problem 34.8. Show thatthe vector space €2(Q) ofall square summable complex- 
valued functions defined on a nonempty set Q under the inner product 


(x,y) =} x@)y@) 
qEQ 


is a Hilbert space. 
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Solution. The verification of the inner product properties of the function (., -) 


are straightforward. We shall show that £2(Q) is a Hilbert space, i.e., complete 
under its induced normed. 


To see this, assume that Q is an infinite set, and let {x,} © £2(Q) be a Cauchy 
sequence. Since for each n we have x,(q) # 0 for at-most countably many q € Q, 
there exists an at-most countable subset C of Q such that x,(q) = 0 for all 
q € Q\C and all n. We consider only the case when C is a countable set, say 
C = {ĝi 92, ..-}. For each n, let 


Yn = (Xn(Q1), Xn(Q2), a): 


Then, it is easy to see that we can consider {y,,} as a Cauchy sequence in £2. The 
completeness of £5 implies that {y, } converges to some sequence y = (y1, y2,---) 
in £2. If x: Q — C is defined by x(q;) = y; and x(q) = 0 whenever q € Q\C, 


then x € £2(Q) and ||x, — x|| = lly, — y|| > 0 holds in 2,(Q). This shows that 
£2(Q) is a Hilbert space. 


Problem 34.9. Let {e;}i<; be an orthonormal basis of a Hilbert space H . Show 
that the linear operator L: H — £3(1), defined by 


L(x) = {(@, ei)}ier, 


is a surjective linear isometry. 


Solution. Clearly, L is linear and by Parseval’s Identity (Theorem 34.2(5)), it 
is also an isometry. We shall verify next that L is also surjective. To this end, 
let {A;}icy € £2(1). From J;e; |A;|* < 06, it follows that A; 4 0 for at-most 
countably many indices i. Assume that {i € 7: A; # 0} = {Aj,,A;,,...}. (We 
consider only the countable case; the finite case is trivial.) Clearly, Se eA are 
oo. 


From the Pythagorean Theorem, we have 


m 2 m 

y . X 2 
| hi, ei | = lA; | , 

k=n k=n 


and from this it follows that the series }°°°, A;,e;, is norm convergent in H. Let 
x= eB Ae = Be tat Aiei. Then, (x, e;) = A; for each, i and so L(x) = 
{Ai}ies. This shows that L is also surjective, as required. 


Problem 34.10. Let {e,} be an orthonormal sequence of vectors in the Hilbert 
space L2{0, 27]. Suppose that for each continuous function f in L2{0, 2x] we 
have f = $7 (f, €n)en. Show that {e,} is an orthonormal basis. 


330 Chapter 6: HILBERT SPACES 


Solution. We need only show that the linear span of the set {e„} is dense. Let 
€ > Oand let g € L2[0, 277]. Since the continuous functions are dense in L2[0, 277] 
(see Theorem 31.10), there exists a continuous function f e L2[0, 27] with 
lf — gil < €. By our assumption, we have f = $ pci(f, €n)en and, by Bessel’s 
Inequality, we know cM Ei ICA en)? < 00. Next, choose an integer m such 
that [Jm ICF, ex)I?]? < €, and then let h = )7_i(f, er)er. Then, h is in the 
linear span of the sequence {e,,}, and moreover 


Ig -Al = |s- POU evea | < te - fit) E Gewe 


k=m+1 


<le- stl E eo <ete z. 


k=m+1 


Therefore, the linear span of {e,,} is dense and hence, {e,,} is a complete orthonormal 
set, i.e., it is an orthonormal basis. 


Problem 34.11. Let {¢,,} be an orthonormal sequence of vectors in the Hilbert 
space L2[0, 27}. Suppose that for each continuous function f in L2[0, 27] we 
have || f1? = E% (f, $n). Show that {pn} is an orthonormal basis. 


Solution. It suffices to show that the linear span of the set {¢,,} is dense. Lete > 0 
and let g € L2[0, 27]. Since the continuous functions are dense in L2[0, 27 ], there 
exists a continuous function f € L2[0, 27] with || f — g|| < €.. 

Now, by our hypothesis, we fave IfI? = SK f ¢n)|*. Choose an integer 


m such that | >>7_, Cf, dx) 2)? < e, and note that 
Je- Ewa | <18- F1+ r-e doef. 
k=1 k=) 


Using once more our hypothesis, we see that 


le- Erw] < i-r EN-E) T 
k=1 i 


k=1 


< Ig- fi+| »& dnp | < e+e = 2e. 


k=m+1 


n, the linear span of {Øn} is dense and hence, {¢,} is an orthonormal 
is. 
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Problem 34.12. Let {¢1, #2, ...} be an orthonormal basis of the Hilbert space 
L2(u), where wu is a finite measure. Fix a function f € L2(u) and let {œ;, a, .. .) 
be its sequence of Fourier coefficients relative to {pn}, i.e., A, = Wg ob, dp. 
Show that (although the series )°~° , And» need not converge pointwise almost 
everywhere to f) the Fourier series yn &ndn can be integrated term-by-term in 
the sense that for every measurable set E we have 


ap = n| ndu. 
[ fan Yan f a 


Solution. Lets, = J z; %n@n, and note that || f — s,|| + 0. Now, using the 
Cauchy—Schwarz inequality, we see that 


fau- [sau] = |fur-sdul < (fif -slan) 


< fif-sPan: f Pan 
E E 
= If S E) 0: 


E f du = Drai On [edn du. 


Problem 34.13. Establish the following “perturbation” property of orthonor- 
mal bases. If {e;};<; is an orthonormal basis and { fi}icı is another orthonormal 


family satisfying 
> lle: — fill? < 00, 


iel 
then { f;}ic; is also an orthonormal basis. 


Solution. Let {e;};-; be an orthonormal basis in a Hilbert space H, and let 
{filicy be another orthonormal family satisfying J;e; llei — fill? < oo. To 
establish that the orthonormal family { f;};<; is an orthonormal basis, it suffices 
to show that if a vector u satisfies u L f; for each i € J, then u = 0. So, fix a 
vector u € H such thatu L f; for alli € J. 

From J;e; lle; — fill? < 00, we know that the set J = {i € I: fi # ei} is 
at-most countable. We distinguish two cases. 


CASE I: J is finite, say J = {k,, ko, ..., ke}. 


Let M = {y € H: y L f; forall i ¢ J}. Then, M is a closed vector subspace 
of H satisfying { fi,,..., fke} E M and {ex,,..., €r} E M. Moreover, we claim 
that {ex,, . . . , €k} must be an orthonormal basis for M. Indeed, if x € M satisfies 
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z Le, forr = 1, ..., £, then (in view x L f; = e; foreachi ¢ J) wehavex L e; 
for each į € J. Since {e;};e; is an orthonormal basis of H , it follows that x = 0. 
Thus, {e,, ..., €k,} is (as being an orthonormal basis) also a Hamel basis for M, 
and so M is £-dimensional. This implies that { f;,, ..., fka} is also a Hamel basis. 
The latter implies that every ex, is a linear combination of the vectors f;,,-.., fre 
Consequently, u L ex, foreachr = 1,..., £, and hence u L e; for alli € /. This 
implies u = 0, and thus, in this case, { f;};<-, is an orthonormal basis. 


CASE II: J is countable, say J = (k,, k2, k3,...,}. 


In this case, choose a natural number £ such that 
0O 
De Wee, W= <1, 
j=l+l 
and let J; = {k,, k2, . . . , ke}. Next, define the vectors 
(0,0) 
&r = e&, — 2i (ek, Sk) Sieh r= 2 ce sh 


We claim the following: 


e Ifavectorx € H satisfiesx L g, forr =1,2,...,€andx L fjforj¢N, 
then x = 0. 


To see this, assume that vector x € H is orthogonal to g, forr = 1,2,...,£ 
and to each f; for j ¢ Jı. Then, for j ¢ Jı, we have (x, e;) = (x, e; — fj) and 
for each 1 <r < £, we have 


(6r) = 0,8) + D> (Ces fi, fa) =0. 


j=i+ 


Now, from Parseval’s Identity, we have 


oo 


lx? = >I, e)? = D \(x, ek = fe? 
iel j=ł+1 

S 2 7 A 8 2 

<| $ ler — fe I? | xl? = sili. 


j=t+l 


This implies 0 < (1 — 8)||x||* < 0, or x = 0, as claimed. 
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Next, we consider the closed vector subspace 
= {ye H: yL fi forall i ¢ Ji}. 


Clearly, {81, 82, ---, &e} E M. Moreover, if some vector x € M is orthogonal 
to 21, 82, ---, 8e, then by property (e) we have x = 0. This means that the 
vector space generated by £1, 82, . . . , g¢ coincides with M. Since the orthogonal 
vectors fki» fkr» - -> Sk, belong to M, M is £-dimensional and so { f;,, fka» -> fka) 
is a Hamel basis of M. In particular, for each 1 < r < £ the vector g, is a 
linear combination of the vectors fr, fr» ---, fke This implies u -L g, for each 
l <r <£andu L f; for j ¢ Jı. Using (e) once more, we conclude that u = 0. 
Therefore, the orthonormal family { f; };c; is an orthonormal basis. 


35. FOURIER ANALYSIS 


Problem 35.1. Show that sin" x is a linear combination of 
{1, sin x, cos xX, sin2x, cos 2x, sin 3x, cos 3x,..., Sin nx, cosnx | 


Furthermore, show that the coefficients of the cosine terms are zero when n is an 
odd integer, and the coefficients of the sine terms are zero when n is an even integer. 


Solution. Observe that 


Then, using the binomial theorem, we get 
n r = ———) = gio >| ECW g-gn} 
21 (21-4 ki(n — k)! 


1 = n!(— 1) 1(n—2k)x 
= Quy >| Hap fe | 


k=0 


n vom 
= on yah TDS (cos — 2k)x +1 sin(n — 2k)x) | 
el k! ! 


E enia : ni(-1) 
ay DEn saad |+ y re Zp sinin—24). 


Now, observe that if n is odd, then 1” = +: and if n is even, then :” = +1. Since 
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sin” x is equal to the real part of the preceding expression, we have the following 
two cases: 


l 1 n\(—1)* 
sin" x = —— ——— cos(n — 2k)x | for n even, and 
(21)" al ki(n — k)! » | 


= 1 way na- 
sin" x = yr a reer sin(n — 2k)x | for n odd. 


Problem 35.2. Show that the Dirichlet kernel D, and the Fejér kernel Kn : 
Satisfy 


=f Daodi = — | Kridt =n 
T I Ja 


ee yt 


Solution. The Dirichlet kernel is given by 
1 n 
D,(t) = = +) coskt. 
2 k=1 


Integrating gives 


n 1 n x 
L Dayar =1+— Y | cosktdt =1. 
A If kal ¥—* 


=F 


Likewise, the Fejér kernel is defined by 


1 n 
K,(t) = tt 2, Pel 


So, integrating and using the previous result on the Dirichlet kernel, we get 


Lk 1 ki 1 1 n 
— dre ——— ye — } = — 2 1=1. 
W Ji, m(t) wat tox | Pana Tee 


Problem 35.3. Let X denote the Banach space of all continuous periodic real- 
_ valued functions defined on (0, 21]. Fix some x € [0,27] and define the linear 
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fu ctional S,:X —> R by the formula 


1 2" 
S= f FODE -nar 


pers» 


Show that the norm of the linear functional S, satisfies 


1 2r 
ISa l = — il ID, — t)| dt. 
a Jo 


ition. The norm of S, is defined by 
fiad: > Sail = 
Pr 


ce || fllo < 1 implies |f(t)D(x — t)| < |D(x — t)| for each t, we see that 


lef f(t)Dra@ —t)dt |. 


1 2n 
ISa < = Í A 


Next, we shall establish the reverse inequality. Since the Dirichlet kernel D,, 
las period 27, it follows that the continuous function 


A D,(x — t) 
EP inci e 


prh pes ° d 2 with respect to t, and clearly |f (e€, t)| < 1 for each ¢ and all 


FET 


[Dix — t)|? 


1 27 
hE S= sf me nF: 


Bi Os th HEE 
! o account Theorem 24.4 and letting € > 0* yields 


p À 1 on 
u È al RS) i l IDA! 2 =f |D,(x —t)| dt. 


efore, [Sul] = £ fo” |Dn(x — t)| dt holds true. 
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Problem 35.4. Show that the sequence of functions | 
OH (2)?cos x, (2)? cos 2x, (2)?cos 3x , (2)?cos4x,... } 


is an orthonormal basis in L2[0, 2]. Also show that the preceding sequence is an 
orthogonal sequence of functions in L2{0, 27) which is not complete. 


Solution. Itis easy to verify that the functions 


O (2)? cosx, (2)? cos 2x, (2)? cos3x,... 


are mutually orthogonal and of norm one in L2[0, 7]. 

To show that the preceding orthonormal sequence is complete (i.e., that it is an 
orthonormal basis), we need to show that if f € L[0, 2] is perpendicular to the 
functions 1, cos x, cos 2x, cos3x,..., then f = 0. To this end, suppose that a 
function f € L>[0, x] satisfies 


T f(x)cosnx dx = 0 
0 


for all n = 0, 1,2, .... Define the function g: [0,27] — R by 


Eia) if O=x% <2 
g&).= f(Qnx-—x) if m<x<2n. 


Then, in L»[0, 27], for each n we have | 
2n 
(g,cosnx) = f g(x)cosnx dx 
0 
n 27 
= f f(x)cosnx dx +f f(2n — x)cos nx dx. 
0 x 
The change of variable t = 27 — x gives 


(g,cosnx) = ie fiayeosm dt + f f(t)cosnt dt = 0. 


Next, observe that 
2n n 2w . 

(g,sinnx) = f g(x) sinnx dx = | fladsinnx dx + f f (Qa —x)sinnx dx 
0 0 XN 


= | fosinnear — f f(t sin nt dt = 0. 
0 
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The preceding show that g is perpendicular to every vector of a complete orthogonal 
sequence of L2[0, 27]. Therefore, g = 0 and hence, f = 0. Thus, the sequence 


(1)?, (2)? cos x, (2)? cos 2x, (2)? cos 3x, . 


is an orthonormal basis of L2[0, 7]. 
To see that the orthogonal set 


(2)?, (2)? cos x, (2)? cos 2x, (2)? cos 3x, . 


n 


is not complete in L2[0, 27 ] notice that the nonzero function sin x is perpendicular 
to each of these functions in L2[0, 27]. 


Problem 35.5. Show that the sequence of functions 


{(2)?sinx , (2)? 2)? sin 2x, (2 )? sin 3x, (2)? sin4x, ... } 


is an orthonormal basis of L2[0, 7]. Also prove that this set of functions is an 
orthogonal set of functions in L2[0, 27] which is not complete. 


Solution. It is easy to verify that the collection of functions 


{(2)?sinx, (2 )? sin 2x, (2 )? sin3x , (2 )? sin 4x | 


is an orthonormal set of functions of L[0, 7]. 

Thus, in order to show that it is an orthonormal basis, we need to show that 
if a function f € L2[0, 7] is perpendicular to each function of the preceding 
set in L2[0, x], then f = 0. To this end, assume that a function f € L2[0, 7] 
Satisfies 


[ f(x) sinnx dx =0 
0 


for all n = 1,2,3,.... Define the function g: (0, 27] > R by 


à ff) if O<x<a 
g(x) = =fr x) if m<x<2n. 
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Then, in L2[0, 27], for each n we have 


Qn 
(g, sinnx) = Í g(x)sinnx dx 
0 


n 2n 
= [ f(x) sinnx dx — f(Qn — x) sinnx dx 
0 


rı 


n n 
= [ f(t) sinnt dt + | f(@t)sinntdt =0+0=0. 
0 0 
Next, observe that 


2n 
(g, cos nx) = g(x) cos nx dx 
0 


a 27 
= | f(x) cos nx dx — f(Qm — x)cosnx dx 
0 


m 


= k f(t)cosnt dt -f f(t)cosnt dt = 0. 
0 0 


Therefore, g is perpendicular to every vector of a complete orthogonal set of 
functions in L2[0, 277]. Therefore, g = Oandhence, f = 0. Thus, the orthonormal 
set of functions 

1 1 1 
{(2)?sinx, (2)?sin2x, (2)?sin3x, (2)?sin4x, ... } 
is an orthonormal basis of L2[0, 7]. 
To see that the orthogonal set of functions 


{(2)?sinx, (2)?sin2x, (2)? sin 3x, (2)?sin 4x, ag 


is not complete in L2[0, 27], observe that cos x is perpendicular to each of these 
functions. 


Problem 35.6. The original Weierstrass approximation theorem showed that ev- 
ery continuous function of period 2n can be uniformly approximated by trigono- 
metric polynomials. Establish this result. 


Solution. Weierstrass originally gave a direct proof, however, the result can be 
derived directly from Fejér’s Theorem 35.8. Let f be a continuous function of 
period 27 defined on the entire real line. Let € > O be fixed. Let {s,} be the 
sequence of partial sums of the Fourier series of f and let {o,} be the sequence 
arithmetic means. 
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From Theorem 35.8 we know that the sequence {o} converges uniformly to f 
on [0, 277]. Now, notice that each o, is a trigonometric polynomial, and the claim 
is established. 


Problem 35.7. Find the Fourier coefficients of the function 
wie. © VET $ 
fox) = 0 BELLI? 
Solution. The Fourier coefficients are given by the formulas 
vw myr l 
am == fxdx=— [ax = 5. 
m Jo x Jo 2 
T Kft > 
a, = — f(x)cosnx dx = f cosnx dx = — sin(n®), and 
m Jo nr Jo nn 


x 


k = — inn = — = a LS) ; 
k X ax i an nx ax [cos(n3 


nr 
Simplifying yields 
a = 3, 
0 if n=2,4,6,. 
an = {1 fee = S OS 
meg if n= 3,7,11,..., 


Van ft n=, 375,... 
b {2/0 f n = 2. O00... . 
0 if) jbe=4 18; 12) 


Problem 35.8. Find the Fourier series of the function 


_ J sinx GAO= x <7 
int if m <x <2n. 


Solution. The function f is continuous, even, and periodic. Its Fourier coeffi- 
cients are given by 


It 


n 
do af sinx dx = 4, 
0 


n 4 | i 
: ——7—_ ifn is even 

an af sin x cos nx dx = P m(n? —1) 5 T OTE iia 
0 od , 


II 
> 


bn 
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So, the Fourier series of f is given by 2 — 4 Po; 987". Since this series 
converges at every x and the periodic function f is continuous everywhere, it 
follows from Corollary 35.9 that the series converges to f(x) for each x. That is, 
we have 


e 


Misi- 
m 


Do os 2nx 
for each real number x. 


Problem 35.9. Show that for each 0 < x < 27r we have 


oo. sin nx 
Rex =o) ; 
n 


Solution. We consider the periodic function f: [0,27] — R defined by 


if O<x <2n 
eee 270 


fG) = T 


Computing the Fourier coefficients of f, we obtain 


II 


2x 
ao if xdx = È |= 2x, 
0 


2x 2n 
i = 1f x cos nx dx = 2 | x d(sinnx) 
0 


Qn 2n 
Z| xsinnx | -f sinnx dx | =0, and 


In 27 
b, = 1f xsinnx dx = -4 | x d(cosnx) 
0 0 
1 an “ad 1 EF ax 2 
= ~ 2 x cosnx | — cosnx dx | = -$| 2r — } sinnx | ]=-2. 
0 0 nm n 0 


So, the Fourier series of the function f is m — 2 Pp, “"*. Given that the 
function f is continuous at every 0 < x < 2m and that the pceding Fourier series 
converges for each 0 < x < 2m (see Example 9.7), it follows from Corollary 35.9 


that 


Baa L ee 


holds for each 0 < x < 27. 
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Problem 35.10. Show that 


x? $ yt esn 
Eem- pag 
2 3 ont n2 


holds for all 0 < x < 2m. Letting x =0 we obtain the formula ¥ ~~, 5 = t, 


Solution. Consider the periodic function f: [0,27] —> R defined by f(x) = 
x — mx. Computing its Fourier coefficients, we get 


2n 
m=i] (F-ra = E-F) 


2n 
fa 
n (5 — mx) cosnxdx = 4, and 
= 4 


Qn 
b, Lf (= — mx) sinnx dx = 0. 
0 


Therefore, the Fourier series of the function f is x +2) 72, =. Since 
this series converges for each x and f is a continuous function, it follows from 
Corollary 35.9 that 


ei lo 
7 TX urA 


x? m? © cosnx 
2 3 
n=1 n 


and the desired identity follows. 


Problem 35.11. Show that 


(0.9) . 
cos nx m an nx 
x = tn? +4 ) ( TUE ) 
n n 


n=1 


holds for eachO < x < 27. 


Solution. Consider the periodic function f: [0,22] —> R defined by 


ie if O< x < 2x 
fo) =| itir S 27 


Computing the Fourier coefficients of f, we obtain 


2n 2 


1 at x 8 
aq == x°dx = = = ot, 
0 


0 
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2n 
an = 1 f x* cosnxdx = 4, and 
0 


Qn 
bn F) x?’ sinnx dx = —%. 
Therefore, the Fourier series of the function f is fr? +4 Pr (97 — 1m), 
Since this series converges for each x (see Example 9.7) and f is continuous at 
each 0 < x < 27, it follows from Corollary 35.9 that 


(9.6) . 
cosnx msinnx 
x? = fn? +4 Bt a j 
r n? n 


for each 0 < x < 27. 


Problem 35.12. Consider the “integral” operator T: L2{0, n] — L2[0, 7 ] de- 
fined by 


Tf(x) = f xe.nsoar, 
0 


where the kernel K:[0, n] x [0,7] > R is given by 
Kæ) = Şa [sin(n + 1)x] sin nt 


2 
n=) n 


Show that the norm of the operator T satisfies ||T \| = 1/2. 


Solution. By Problem 35.5, we know that the sequence of functions 


{(2)?sin nx: 8 by a } 


"n 


is an orthonormal basis for L2[0, 1]. Also, as usual, the norm of the operator is 
given by 


ITI = sup{IT(A)II: f € L2{0, x) and || fl] = 1}. 


Now, fix a function f € L2[0, x] with || f || = 1, and write 
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in its Fourier expansion relative to the above basis. By Parseval’s Identity, we have 


si = > lel’. 


n=1 


Next, notice that the operator satisfies 


rpa) = f Dea PX (2)*sin me | de 


n=l 
=> [se f sin nt (2) ‘sin mt dt) | 
n=l 


II 
NIA 
Ms 


| <+(2)? sinen + 1)x i 


Now, notice that the latter expression is the Fourier expansion of T ( f ) with respect 
to the orthonormal basis described at the beginning of the solution. Thus, by 
Parseval’s Identity, we have 


(e.e) co 
2 
ITEM =F EE EY ea = SAFI, 
n=1 


n=1 


from which it follows = IIT || < 2/2 holds. 


Finally, if fo(x) = (2 )2 sin x, then || fo|] = 1 and a Parseval’s Identity we have 
cı = l and c, = Oforn # 1, and so ||T(fo)l|? = =. Therefore, ||T || > 2/2, and 
hence, ||T || = 2/2. 


> 


Ka 
i jaia svu 


A niet DORS TSrnuo 1 
TA SW io gauinigsd sd 


co ra by A 


Svail ow yitiestil 2‘ liv 
Das s\n < iT 


CHAPTER 7 


SPECIAL TOPICS IN 
INTEGRATION 


36. SIGNED MEASURES 


Problem 36.1. Give an example of a signed measure and two Hahn decompo- 
sitions (A, B) and (A,, Bı) of X with respect to the signed measure such that 
A Æ A, and B  B,. 


Solution. Let X = R and let È be the o-algebra of all Lebesgue measurable 
sets. Consider the measures u1, y2 E€ M(X) defined by )(E) = A(E N [0, 1)) 
and u2(E) = A(E N [1,2]) for each E e E (where à denotes the Lebesgue 
measure on R). Now, consider the signed measure y = pı — u2, and note that 
((—oo, 1), [1, 00)) and ([0, 1), (—00, 0)U[1, 00)) are two Hahn decompositions 
of X with respect to the signed measure p. 


Problem 36.2. Jf is a signed measure, then show that u* A u` = 0. 


Solution. Let (A, B) be a Hahn decomposition of X with respect to u. If 
E e &, then note that 


O<p Aw (E) =p" Aw (ENB)+ut Aw (ENA) 
wt(ENB)+u (ENA) 


MEN BOM A)—MWENANB)=0. 


IA 


Problem 36.3. Jf p is a signed measure, then show that for each A € E we have 


CO co 
|w\(A) = sup| Da [u(An)|: {An} is a disjoint sequence of X with LJ A, = Al. 
n=1 n=1 


345 
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Solution. Fix A € E. From Theorem 36.9, we know that 


k k 
lwt(A) = supf )>|w(An)|: (Ai, +-+, Ae} SE is disjoint and (_)A, c A}. 
n=1 n=1 
Also, let 
Co 00 
s=sup{ ) |u(A,)|: {An} © E is disjoint and A=(_) A, . 
n=1 


n=1 


Now, let {A,,} be a pairwise disjoint sequence of © such that pa; A, = A. 
Clearly, $t; |“(An)| < |u|(A) holds for each k, and so 


oo k 
È la(An)| = lim $ (An) < 110A). 
n=1 n=1 


Therefore, s < |u|(A). On the other hand, if {A;,..., Ag} is a finite pairwise 
disjoint collection of £ satisfying om An © A, then 


A= AU-UAU(A\ UJA) UUS., 


n=1 


and so 
k k k 
Puan] < P uan] +|u(A\ UAn)| +0) + w@) +- ss. 
n=1 n=1 n=l 


Consequently, |u|(A) < s also holds. Thus, |u|(A) = s, as claimed. 

Problem 36.4. Verify that if 4 and v are two finite signed measures, then the 
least upper bound u V v and the greatest lower bound u A v holds in M(£) are 
given by 


u V v(A) = sup{u(B) + v(A\ B): B € £ and B C A}, and 
AVA) = inf{u(B)+ v(A\ B): B € È and B C A} 


foreachA E€ È. 
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Solution. The proof parallels the one of Theorem 36.1. We shall verify that if 
ù, v € M(%), then the formula 


w(A) = inff u(B) + v(A \ B): B € and B CA}, AEL, 


defines a finite signed measure (i.e., w € M(E)), and that w is the greatest lower 
bound of u and v in M(%). 

Since u and v are both bounded from below (and also both bounded from 
above), it follows that w(A) € R for each A €e E. Clearly, w(Z) = 0 holds. 
Next, we shall establish that w is o-additive. To this end, let {A,} be a pairwise 
disjoint sequence of © and let A =|), An. If B € E satisfies B C A, then 


o0 


M(B) + (AB) = u(Ù Ann B) + (Ul n\ An n B)) 


ERNU N B) + v(An \ An N B)] 


= 5 w(An), 


n= 


and so w(A) > spoil @(A,) holds. For the reverse inequality, let € > 0. Then, 
foreach n pick some B, € & with B, C A, and 


MBa) + v(An \ Bn) < (An) + Z 


Obviously, {B,} is a pairwise disjoint sequence of X. Put B = (J, B, C A, 
and note that )_,(A, \ Bn) = A \ B holds. Moreover, 


w(A) < uB) + ¥(A\ B)=u(\JB Bn) + (Ula 
n=1 


= 
3 
w 
mee 


= 
Il 
i 


I 
Me 


[W(Bn) + v(An \ Bn)| 


= 
Ul 


< 


Ms 


[olAn) + £]= Loa Pe; 


| 


= 
ll 


Since £ > 0 is arbitrary, we infer that w(A) < )°™, w(A,) also holds, and so 
w € M(X). 
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Finally, we shall establish that w is the greatest lower bound of yz and v in 
M(%). Note first that w is a lower bound for both jz and v. Indeed, if A € È, 
then (by letting B = A), we see that 

@(A) < (A) + (Ø) = (A) and (A) < u(Ø) + (A) = v(A). 


On the other hand, if 7 € M(*) satisfies 7 < u and m < v and A € È, then 
foreach B e E with B C A we have 


m(A) = n (B) + 7(A\ B) < u(B) + v(A \ B), 


from which it follows that 1(A) < w(A), i.e., 7 < w. This shows that w = p ^v 
holds in M(x). 


Problem 36.5. Let à be the Lebesgue measure on the Lebesgue measurable 
subsets of R. If u is the Dirac measure, defined by u(A) = 0 if O ¢ A and 
a(A) = 1 if0 e A, describe à V p and à A wu. 


Solution. If A = R \ {0}, B = {0}, and E isan arbitrary Lebesgue measurable 
set, then 


0<AAWME) <AENB)+uU(EN A) =0 
holds. That is, A A u = 0. Moreover, we have 
AVMPH=AVEUH+AAMHAtL. 
Problem 36.6. Show that the collection of all o-finite measures forms a dis- 


tributive lattice. That is, show that if u, v, and w are three o -finite measures, 
then 


(UVVAD=(“LAW)V(VA®@) and (LAV) Voa=(“UVO@)A(VVo). 
Solution. We shall show first that every vector lattice satisfies the distributive 
law. To do this, we shall use the identity (a) of Problem 9.1. 

Let x, y, and z be elements in a vector lattice. Since x V y > x, it follows 
that (x V y)Az > x AZ, and similarly (x V y) Az > y Az. Thus, 


(XV y)Az>(XAzZ)V(yAz2). 


On the other hand, if u = (x Az) V (y Az), then u >xAz=x+z—xVz holds. 
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Hence, x < u—z+xVz < u—z+(xV y)Vz, and similarly y < u—z+(xvy)vz. 
It follows that x V y < u — z + (x V y) V z, and so 


AAZ VOAZ) =u žxvVyý+z=-(xvVy)vz=(xVy)Az. 


Therefore, (x V y) Az = (x A z) V (y A z) holds. The other identity can be 
established in a similar manner. 

Now, let {X,} © È satisfy u(X,) < 00, v(X,) < 00, w(X,) < 00 forall n, 
and X, + X. If 4, = {A NX AE |, then clearly yz, v, and w (restricted 
to Èn) belong to the vector lattice M(Z,,). Thus, if E € £, then 


(UV V)AMAENX,) =(UAW)V(VA@/(EN Xz) 


(UAV) V Oo(ENX,) =(UVo)A(VV wOVEN Xn) 


hold. To finish the proof note that ENX, + E, and then use the “order continuity” 
of the measure (Theorem 15.4). 


Problem 36.7. Jf E is a o-algebra of subsets of a set X and u: E —> R* isa 
signed measure, then show that 


Aus Ap- = Ay: 


Solution. Assume that u: E —> R* is an arbitrary signed measure. Let E be 
in Ay+ Ap- and let A € È be an arbitrary set. Then, 


|u|(A) = wt(A) + u~ (A) 
= [u*(A N E) + u*(AN E®)] + [uw (ANE) + u~ (ANE)] 
= [Ut(ANE) + (ANE)] + [u+ (AN E°) + uw (ANE) 
= |u\(ANE) + |u|\(A n E’), 
and so E € A jul i.e., Aut N Ap- E A jul: 
For the reverse inclusion, let E € Aj,,). If A € E is arbitrary, then note that 
U*(A) + u~ (A) = |u|(A) = |W|(AN E) + |u|(A N E’) 
= [u*(A N E) + u*(A N E°)] + [L(A N E) + u~ (ANE). 


Since ut(A) = wt((AN E) U (A N E*)) < wt(AN E) + u*(AN E°) and 
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U (A) < uw (AN E) + u-(AN E°) both hold, it follows from the preceding 
equality that 


U*(A)=u*(AN E)+ u*(AN E°) and w-(A)=- (AN E) + w(AN E°), 


which shows that E € Ay+ N Ay-. Thus, Ajy) © Apt N A,-, and consequently, 
Aju) = Ag+ N Ap- holds, as desired. 


Problem 36.8. Let u and v be two measures on a o -algebra © with at least one 
of them finite. Assume also that S is a semiring such that S C È, X € S, and that 
the o -algebra generated by S equals £. Then show that u = v on & if and only 
ifu=vons. 

Solution. Assume that u is finite and that u = v on S. If we consider the 
measure space (X, S, u), then it is easy to see that S C E C A, holds. Now, 
apply Theorem 15.10 to get that u = u* = v holds on E. 


Problem 36.9. Let (X, S, 4) be a measure space, and let f € L(y). Then show 
that 


¥(A) = [tau 
A 


for each A € A, defines a finite signed measure on A,,. Also, show that 


Saye i ftdp, v-(A)= i Fan and \(A)= / fräi 
A 


holds for each A € A,. 
Solution. If {A,,} isa pairwise disjoint sequence of A, satisfying A = Le Aw 


then lim; -i fx, = fxa and Ban fxa:| < |f| holds for each n. Thus, 
from the Lebesgue Dominated Convergence Theorem, it follows that 


A= | fxs du= iim f (> fxs, du= lim )>W(A)=)~ v(Aj). 
i=l i=] i=l 


Therefore, v is a finite signed measure. 
- Now, note that if -- -- 


Pe èX: f 20) and B= {x eX: f(x) < 0}, 
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then it is easy to see that (A, B) is a Hahn decomposition of X with respect to 
v. Since f xena = fxe holds, we see that 


vie) = WENA) = f fan =f ft dy 
ENA E 


foreach E € A,,. The proof for v~ is similar. The absolute value formula follows 
from the identity |v| = vt + v7. 


Problem 36.10. Letv be a signed measure on È. A function f: X — R is said 
to be v-integrable if f is simultaneously vt- and v` -integrable (in this case, we 
write [| f dv = f f dv+ — f f dv~). Show that a function f is v-integrable if and 
only if f € Li(lv]). 


Solution. Assume that f is simultaneously vt- and v -integrable. We can 
assume that f(x) > 0 holds forall x € X. Since each set of the form {x € X: a < 
f(x) < b} belongs to Ay+MA,- = Ajy (for this identity see Problem 36.7), we 
see that there exists a sequence {¢,,} of simultaneously v*- and v` -step functions 
such that ¢,(x) t f(x) holds for all x € X; see the proof of Theorem 17.7. 
Clearly, each @,, is a |u|-step function and from 


fonam= fondut + fonan t ffau + | fan- < 00, 


we see that f is |y|-integrable and that f f d|u| = f f dut + f fdp” holds. 

For the converse, assume that f belongs to L,(|v|). We can assume that 
f(x) = 0 holds for each x. Note first that if f = xa for a |v|-measurable set 
A with |v|*(A) < oo, then there exists (by Theorem 15.11) some B € © with 
A C B and |v|*(A) = |v|*(B). It follows that |v|*(B \ A) = 0, and in view of 
0 < vt < |p|, we have (vt)*(B \ A) = 0. Thus, B \ A is a v+-measurable set, 
and consequently, A = B \ (B \ A) is also vt-measurable. This shows that x, 
is vt -integrable. 

Now, choose a sequence {,} of |v|-step functions with 0 < a(x) f f(x) 
for each x. By the previous discussion, {@,} is a sequence of v*-step functions. 


Moreover, 
[onavt < fora < f faii < o 


holds for all n. Thus, f is v*-integrable. 
The v~ -integrability of f can be established in a similar manner. 
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Problem 36.11. Show that the Jordan decomposition is unique in the following 
sense. If v is a signed measure, and p; and m, are two measures such that 
v = py — M2 and ui A 2 = 0, then p; = vt and pm = v”. 


Solution. First, we shall establish that vt = p; holds. Start by observing that 
v < pı implies vt < py). 

Now, let E e E. If vt(E) = œ, then vt (E) = uı(E) = œo holds trivially. 
Thus, we can suppose vt(E) < 00. Since v(E) = mı(E) — (E) < vt (E) < 
00, it follows that uı(E) < oo. Let £ > 0. Then, in view of 


0 = pı A 2(E) = inf{ u1 (E \ B) + 2(B): B € X and BCE }, 


there exists some B € E with B C E and y)(E \ B) + u2(B) < £. Thus, 


sup{v(F): F € £ and F C E } > v(B) = p(B) — p(B) 
p(B) — & = p (E) — mi (E \ B) —€ > wi (E) — 2e 


v‘(E) 


IV 


holds for all € > 0. That is, vt(E) > uı(E) for each E € 2, and therefore 
vt = pı holds. For the other identity note that 


v = (v) =(m-— p)“ = W2. 


Problem 36.12. Ina vector lattice Xn | x means that Xn+1ı < Xn for each n and 
that x is the greatest lower bound of the sequence {xn}. A normed vector lattice is 
said to have o -order continuous norm if x, | 0 implies lim ||x,|| = 0. 

Show that every L )() with 1 < p < œ has o -order continuous norm. 


a. 
b. Show that L.o({0, 1]) does not have o -order continuous norm. 
c. Let ¥ beao-algebra of sets, and let {un} be a sequence of M(X) such that 


Un 4 u. Show that lim p,(A) = u(A) holds for all A € È. 
d. Show that the Banach lattice M(X) has o -order continuous norm. 


Solution. (a) Note first that fa | f in Lp(u) is equivalent to net fas. 
(why?). If for some 1 < p < œo a sequence (fa) of Lp(u) satisfies fn 4} 0 


a.e., then 


[sl = (ffl au)’ +0 


holds by virtue of the Lebesgue Dominated Convergence Theorem. 
(b) If fn = Xo, then fn | 0 holds in Loo({0, 1]). However, note that lR = 
1 holds for each n. 
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(c) Let un 4 w in M(E). Then 0 < pı — un t wy — u in M(E). By 
Theorem 36.2, it follows that 44;(A) — un (A) t (A) — (A) holds for each 
A € ©. Thus, 4n (A) | (A) holds for each A E€ È. 

(d) If uw, | 0 in M(%), then from part (c) it follows that [|p || = un(X) 4 0. 


Problem 36.13. Prove the following additivity property of the Banach lattice 
M(): If, v € M(%) are disjoint (i.e., |u| A|v| = 0), then |u + vi] = uil+llvll 
holds. 


Solution. If iul A |v| = 0 holds in M(©), then |u + v| = |u| + [v| holds 
(see Problems 9.2 and 9.3). Thus, |u + v|| = |u + v|(X) = |u| + |v|(X) = 


lal + lvl: 


Problem 36.14. Let © be a o -algebra of subsets of a set X and let {un} be a 
disjoint sequence of M(©). If the sequence of signed measures {pn} is order 
bounded, then show that lim ||1,|| = 0. 


Solution. Let {x} be a disjoint sequence of the Banach lattice M(X) such that 
for some 0 < u € M(X) we have |un| < u foreach n. From |un| A |Um| = 0 for 
n Æ m, we see that 


k k 
aS V liE 
n=1 n=l 


holds for each k. In particular, we have 


k k k 
PO leali = D> hal < [VV lanl ]00 < w(K) < 00 
n=1 n=1 


n=1 


holds foreach n,andso )~~—, ||/nl| < oo. The latter easily implies lim ||, || = 0. 


37. COMPARING MEASURES AND THE RADON-NIKODYM 
THEOREM 


Problem 37.1. Verify the following properties of signed measures: 


, ht GM. 

b. v & pand p & w imply v & w. 
c. If0<v<yp,thenv & un. 

d. Ifu <0, then p =Q. 


a 
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Solution. (a) From Theorem 36.9, we have |(A)| < |u\(A), and so if |u|(A) = 
0 holds, then (A) = 0 likewise holds. That is, y < p. 

(b) Assume v < u and u & w and |w|(A) = 0. Theorem 37.2 applied twice 
shows that |u|(A) = 0 and |v|(A) = 0. Hence, v < w holds. 

(c) Let 0 < v < p. If |u|(A) = (A) = 0, then clearly v(A) = 0, and so v < u 
holds. 

(d) Let u < 0. Since the zero measure assumes the zero value at every A € È, 
it follows that (A) = 0 holds for every A € £. This means that p = 0. 


Problem 37.2. Verify the following statements about signed measures on a o- 
algebra & of Sets: 


If u <w and v & w, then |u| + |v] & w. 
If u Lw and v L @, then |u| + |v| Lo. 
If u & w and |v| < |p|, then v & w. 

If u L w and |v| < |p|, then v L o. 

If v <p and v L n, then v = 0. 


VPP ers 


Solution. (1) This follows immediately from Theorem 37.2. 

(2) Since yz L w, there exists (by Theorem 37.5) some A; € E with |w|(A1) = 
|4|(Af) = 0. Similarly, there exists some Az € X with |w|(A2) = |v|(A5) = 0. 
Put A = A; U A2 and B = (A,;UA2) = ASN AS. Then A, B € È, AUB =X, 
ANB = Ø, |w|(A) = 0, and (|u| + v))(B) = = 0. By Theorem 37.5 we infer that 
w L |u| + |v] holds. 

(3) This follows easily from Theorem 37.2. 

(4) This follows immediately from Theorem 37.5. 

(5) Since v L p, there exists some A € È such that |v|(A) = |u|(A‘) = 0. By 
v < p and Theorem 37.2, |v|(A‘°) = 0, and so |v|(X) = |v|(A) + |v|(AS) = 0. 
That is, |v| = 0, so that v = 0. 


Problem 37.3. Let u and v be two measures on a o -algebra ©. If v is a finite 
measure, then show that the following statements are equivalent. 


a v<pholds. 

b. For each sequence {An} of X with lim (An) = 0, we have lim v(A,) = 0. 

c. Foreache > Othere exists some ô > 0 (depending on €) such that whenever 
A E È satisfies (A) < ô, then v(A) < € holds. 


Solution. (a) == (b) If (b) is not true, then there exists some £ > 0 and some 
sequence {A,} of E such that 4(A,) < 2~" and v(A,) > € for each n. Set 


Section 37: COMPARING MEASURES AND THE RADON-NIKODYM THEOREM 355 


A = Pai Uz, Ai € E. From A C UP, Ai, we see that 


u(A) < Ñu) < S A = ain 


i=n i=n 


holds for each n, and so (A) = 0. However, from Theorem 15.4(2), we see that 
v(A) > £, contrary to v < u. Hence, (a) implies (b). 

(b) = (c) If (c) is not true, then there exist some £ > 0 and a sequence {A,} 
of © such that u(A,) < + and v(A,) > £ hold for all n. Clearly, this con- 
tradicts (b). 

(c) => (a) Let A € © satisfy (A) = 0. Given £ > 0, choose some ô > 0 so 
that (c) is satisfied. In view of u(A) < ô, it follows that v(A) < £. Since £ > 0 
is arbitrary, v(A) = 0, and so v < u holds. 


Problem 37.4. Let u be a finite measure, and let {v,} be a sequence of finite 
measures (all on £) such that vn & u holds for each n. Furthermore, assume 
that lim v,(A) exists in R for each A € X. Then, show that: 


a. For eache > 0 there exists some ô > 0 such that whenever A € È satisfies 
u(A) < ô, then v,(A) < € holds for each n. 

b. The set function v: xX — [0, oo], defined by v(A) = limv,(A) for each 
A € ©, is a measure such that v & n. 


Solution. (a) From Problem 31.3, we know that & under the distance d(A, B) = 
„(AA B) is a complete metric space. From v < yw and the inequality 


|vk(A) — %(B)| < ve(AAB), 


it easily follows that the function vg: 2 —> R is well defined (i.e., y.(A) = v(B) 
holds whenever (A AB) = 0) and is continuous. 
Now, let € > 0. Define 


Cy = {A € E: |vn(A) — vn (A)| < € forall n, m > k k 


Note that each C, is closed and that £ = |£, Cy holds. By Baire’s Category 
Theorem 6.18), we have C? # Ø for some k. Thus, there exist Ao € C, and 
5; > 0 such that A € E and u(AAAo) < 4; imply A € Cx. 

From v; < u (1 <i < k) and the preceding problem, there exists some 
0 <8 <5, suchthat A € E and (A) < ô imply w(A) < € forall 1 <i <k. 
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Now, if A € E satisfies u(A) < ô, then A U (Ao \ A) = AU Ao satisfies 
u((AU Ao)AAo) < (A) < 4}, and so 


|¥n(A) — vC A)| = |p — vA U A0) — (Yn — vX Ao \ A)| 
< |Van — WA U Ao)| + [(n — "Ao \ A)| < 2e 


holds for all n > k. Thus, A € D and u(A) < ô imply 
[Va (A) | < 2e + v(A) < 3e 


forall n > k (and all 1 < n < k). 

(b) Let A = (<; An with the sequence {A,} of E pairwise disjoint, and let 
€ > 0. Choose some ô > 0 so that statement (a) is satisfied. Next, choose some 
m so that u(A\ U- Ai) < 5 holds for all n > m. Then, 


vec) — Y van | = v(a \ Ai) <e 
i i=l 


Ei 


holds for all k and all n > m. Thus, |v(A) — es v(A;)| < e holds for all 
n > m, and so |v(A) Dpef v(A;) | < £. Since ¢ > 0 is arbitrary, we see that 
v(A) = } pı v(A,). Thus, v is a measure, and from part (a) and the preceding 
problem it follows immediately that v < u holds. 


Problem 37.5. Let {v,} be a sequence of nonzero finite measures such that 
lim v,(A) exists in R for each A € È. Show that v(A) = lim v,(A) for A € È is 
a finite measure. 


Solution. Consider the set function u: E —> [0, co) defined by 


oo 
— N` lA) 5- 
WA) = Da 2 


n=] 


and note that yz is in fact a measure. In addition, note that v, < u holds for each 
n. Now, invoke part (b) of the preceding problem to conclude that the set function 
v is also a measure. 


Problem 37.6. Verify the uniqueness of the Radon—Nikodym derivative by prov- 
ing the following statement: If (X,S, 1) is a measure space and f e Li(«) 
satisfies f, f du = 0 for all A € S, then f = 0 a.e. 
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Solution. From the given condition, it is easy to see that f, f du = 0 must hold 
for each o-set A. Now, consider the measurable sets 


A={xeX: f(x)>0} and B={x eX: f(x) <0}. 


By Problem 22.7 we know that A and B are both o-finite sets. Now, in view of 
ffau = fpf du = 0, it follows from Problem 22.13 that 4*(A) = u*(B) = 0. 
Therefore, f = 0 a.e. holds. 


Problem 37.7. This problem shows that the hypothesis of o -finiteness of p in 
the Radon—Nikodym Theorem cannot be omitted. Consider X = [0,1], & the 
o-algebra of all Lebesgue measurable subsets of [0, 1], v the Lebesgue measure 
on © and u the measure defined by (Ø) = 0 and (A) = œ if A £ Ø. 
(Incidentally, u is the largest measure on X.) Show that: 

a. visa finite measure, u is not o -finite, and v & n. 

b. There is no function f € Lı(u) such that v(A) = f, f du holds for all 

Ae. 


Solution. (a) Note that u(A) = 0 means A = Ø, and so v < u holds. 
(b) Observe that L; (uz) = {0}. 


Problem 37.8. Let yu be a finite signed measure on Ł. Show that there exists a 
unique function f € L,(\|) such that 


way= f fala 
holds for all A € È. 


Solution. The conclusion follows from the Radon—Nikodym Theorem by ob- 
serving that u < |u| holds. 


Problem 37.9. Assume that v is a finite measure and p is a o-finite measure 
such that v < pw. Let g = dv/dp € L\(u) be the Radon—Nikodym derivative of 
v with respect to u. Then show that: 
a. If Y = {x e X: g(x) > 0), then Y NA is a -measurable set for each 
v-measurable set A. 
b. If f € Li(v), then fg € Ly(u) and f f dv = f fg dy holds. 


Solution. (a) Note first that by Theorem 37.3, E C A, G Ay holds, and that 
Y € Ap- 
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First consider the case when A € A, satisfies A C Y and v*(A) = 0. By 
Theorem 15.11 there exists some B € E with A C B and v*(B) = 0. Now, if 
u*(B NY) > 0, then we have the contradiction 0 = v*(B NY) = fany gdu > 0 
(see Problem 22.13). Consequently, u*(B N Y) = u*(A) = 0 holds, and so 


A € Ay. 
Now, let A € A,. Choose some B e © with A C B and v*(A) = v*(B). 


Thus, v*(B \ A) = 0, and so (B \A)QY € A,. Now, note that 
ANY =BNY\(B\A)NY € Ax. 
(b) It follows immediately from Problem 22.15. 


Problem 37.10. Establish the chain rule for Radon—Nikodym derivatives: If w 
is a o -finite measure and v and are two finite measures (all on X) such that 
v & uand u < w, thenv & wand 


holds. 


Solution. Clearly, v < w and © C Aw C A, C A. Put f = oF € Lil) 


and g = L e L\(@). If A € &, then by part (b) of the preceding problem, we 
infer that 


wa= f fan= | fxadu= | frasao= | fedo. 


This combined with the Radon—Nikodym Theorem shows that 


ay = fg, w—a.e. 


du 
Problem 37.11. All measures considered here will be assumed defined on a fixed 
o -algebra È. 

a. - Call two measures u and v equivalent (in symbols, u = v) if u & v 
and v < u both hold. Show that = is an equivalence relation among the 
measures on ©. 

b. If p and v are two equivalent o -finite measures, then show that A u = Av. 

c. Show that if u and v are two equivalent finite measures, then 


du dv 
paa . T =1 a.e. holds. 


Section 37: COMPARING MEASURES AND THE RADON-NIKODYM THEOREM 359 


d. If and v are two equivalent finite measures, then show that 
du 
Hfl, 
A aak a 


from L(a) to L,(v), is an onto lattice isometry. Thus, under this identifi- 
cation Lı(u) = L,(v) holds. 

e. Generalize (d) to equivalent o -finite measures. That is, if 4 and v are two 
equivalent o -finite measures, then show that the Banach lattices L (u) and 
L,(v) are lattice isometric. 

f. Show that if u and v are two equivalent o -finite measures, then the Banach 
lattices L,(u) and L (v) are lattice isometric for each 1 < p < ©. 


Solution. (a) Straightforward. 

(b) It follows immediately from Theorem 37.3. 

(c) Use the relation v < u < v and the preceding problem. 

(d)Let f -> f- =T(f). Since 44 e Li(v), it follows from Problem 37.9(b) 
that T(f) = f -3% e Li(v) and f fdu = f f -$£ dv hold foreach f € L;(y). 
Thus, T defines a mapping from L() to Lı(v) which is clearly linear. Since 
= > 0 holds, it follows that 


TUD =IFl E = |f- El=|TA]| 


and 


IT, = fir-Blav= fifi av = fifidn= (Fh, 
hold foreach f € Lı(u). Thus, T: Lı(u) —> Lı(v) isa lattice isometry. To see 


that T is also onto, note that if g € L(v), then g- T € Lı(u) and by part (c), 
we see that 


The Z)=g Z- Fsg. 


(e) Let {En} be a pairwise disjoint sequence of £ such that °°, En=X, u(En) < 
oo, and v(E,,) < oo for each n. Let 


Tn: Li(En, H) — Li(En, v) 


be the onto lattice isometry determined by part (d) previously. Now, it is a routine 
matter to verify that T: Lı(u) —> L,(v) defined by 


Tif) = > Ta(fxa,) 
n=l 


foreach f € L(y) is an onto lattice isometry. 
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(f) Suppose first that u and v are finite. Then, 
T 
pafa) 


is a lattice isometry from Lp(u) onto Lp(v) foreach 1 < p < oo. Now, if u 
and v are o-finite, then use the arguments of part (e) to establish that L,(jz) and 
L p(v) are lattice isometric. 

If p = on, then from part (b) it follows that L.o(“) = Loo(v) holds, and so in 
this case the identity operator is a lattice isometry. 


Problem 37.12. Let u be a o -finite measure, and let AC (m) be the collection of 
all finite signed measures that are absolutely continuous with respect to 1; that is, 


AC(u) = {v € M(E): v & u}. 


a. Show that AC(u) is a norm closed ideal of M(X) (and hence AC (u), with 
the norm ||v|| = |v|(X), is a Banach lattice in its own right). 

b. Foreach f € Li(u), let u p be the finite signed measure defined by u f(A) = 
Sa f du for each A € È. Then show that f +> up is a lattice isometry 
from Lı(u) onto AC (u). 


Solution. (a) Clearly, AC (p) is an ideal of M(£). If {vn} is a sequence of 
AC(u) satisfying vn —> v in M(©), then v,(A) —> v(A) holds for each 
A € E. Problem 37.4 shows that v e AC (u). Thus, AC (u) is a closed vector 
sublattice of M (©), and hence, a Banach lattice in its own right. 

(b) Clearly, f +> wy is a linear operator. By Problem 37.6 this operator is 
one-to-one. From Problem 36.9, it follows that f +— wy is a lattice isometry, 
and the Radon—Nikodym Theorem implies that it is also onto. 


Problem 37.13. Let © be a o -algebra of subsets of a set X and u a measure on 
E. Assume also that X* is a o -algebra of subsets of a set Y and that T: X —> Y 
has the property that T~'(A) € E for each A € &*. 

a. Show that v(A) = u(T~'(A)) for each A € &* is a measure on X*. 

b. Iff € L,(v), then show that f oT e Lı(u) and 


[ fave f foray. 


c. If wis finite and w is a o -finite measure on L* such that v & w, then show 
that there exists a function g € L\(w) such that 


[ fotdu=f fede 


holds for each f € L,(v). 
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Solution. (a) Straightforward. 

(b) Note first that if A is a v-null set, then T~'(A) is a p-null set. Indeed, 
if v*(A) = 0 holds, then there exists (by Theorem 15.11) some B e &* with 
A C B and v(B) = 0. Therefore, 


O<p*(T (A) < w*(T-'(B)) = u(T~'(B)) = v(B) = 0. 


Now, let A be a v-measurable set with v*(A) < oo. Choose some B € &* with 
A C B and v*(B) = v*(A). Since v*(B \ A) = 0, it follows from the preceding 
discussion that u*(T~'(B \ A)) = 0. Thus, T~'(A) = T~'(B)\T~'(B \ A) is 
j-measurable, and moreover, 


[x dv =v*(A) =p*(T~'(A)) = [xan = fu oT du. 
Y X X 


It follows that for every v-step function ¢ we have oT € Lı(u),and f,ġ dv = 
i y? oT du. An easy continuity argument can complete the proof. 
(c) It follows immediately from part (b) and Problem 37.9. 


Problem 37.14. Let (X,S, u) be a o -finite measure space, and let g be a mea- 
surable function. Show that if for some 1 < p < œ we have fg € Lı(u) for all 
f € Ly(u), then g € L,(u), where +++ =1. 

Also, show by a counterexample that for 1 < p < œ the o -finiteness of u 
cannot be dropped. 


Solution. We can assume that g > 0 holds (why?). Then the formula F(f) = 
Jfgdu for f € Lp(u) defines a positive linear functional on L,(u). By 
Theorem 40.10, F is continuous. Now, by Theorems 37.9 and 37.10 there exists 
some h € L,(u) such that ffgdu = f fhdw for each f € L,(u). This 
implies (how?) f a(g — h)dp = 0 for each measurable subset A. Now, a glance 
at Problem 22.13 guarantees that g = h a.e. holds. 

The o-finiteness of u cannot be dropped. Consider X = (0,00) with the 
measure yz defined on the o-algebra P(X) by u(A) = œ if A # Ø and 
u(Ø) = 0. Then for 1 < p < œo we have Li(u) = Lp(u) = Lg(u) = {0}, and 
Lolu) = B(X), the bounded real-valued functions on X. On the other hand, if 
g(x) = x, then fg = 0 e L,(w) holds for all f € L,(u) (1 < p < œ), while 
g¢ L(y). 


Problem 37.15. Let(X, S, m) be ao-finite measure space, g a measurable func- 
tion, and 1 < p < oo. Assume that there exists some real number M > 0 such 


that dg € Lı(u) and if og du < M\|\@\\, holds for every step function p. Then, 
show that: 
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a. g € Lo(), where z + > = |, and 
b. ffgdu <Milfllq holds for all f € Lp(u). 


Solution. Let L denote the vector space of all step functions. The given con- 
ditions show that the function F:L —> R, defined by F(¢) = Jog dp, isa 
continuous linear functional. Since L is dense in L p() (Theorem 31.10), it 
follows that F has a continuous extension (which we shall denote by F again) 
to all of Lp (u). By Theorems 37.9 and 37.10 there exists some A € Lg() such 
that F(f) = f fhdy holds forall f € L p(“). Clearly, 


|=| than] < msl, 


holds for all f € Lp(u). 

To complete the proof, it suffices to show that g = h ae. holds. To see 
this, let E € A, satisfy u*(E) < oo. Then, consider the step function ¢ = 
xeSgn(g — h) € L, and note that {¢(g —h) du = 0 implies f, |g —h|du =0. 
That is, g = h a.e. holds on E; see Problem 22.13. Since u is o-finite, we see 
that g = h a.e. holds on X. 


Problem 37.16. Let yz be a Borel measure on RÝ and suppose that there exists 
a constant c > O such that whenever a Borel set E satisfies A(E) = c, then 
WCE) = c. Show that u coincides with À, i.e., show that u = À. 


Solution. Assume that the Borel measure u and the constant c > O sat- 
isfy the properties of the problem. Clearly, 4 is a o-finite Borel measure. By 
Theorem 37.7, we can write 


u = Hi +u, Where yı KA and pz LÀ. 


First, we shall establish that 42 = 0. From u2 L A, there exist two disjoint 
Borel sets A and B with AU B = R* and y2(A) = A(B) = 0. Since A(A) = 
oo, there exists (by Problem 18.19) a Borel subset C of A with A(C) = c. 
From A(C U B) = A(C) + A(B) = A(C) = c and our hypothesis, we see that 
u(C U B) = c. Now, note that 


c <c + p(B) <c + uB) = uC) + u(B) = WCU B) =c, 


and so u2(B) = 0. This shows that 42 = 0, and consequently u = p; is 
absolutely continuous with respect to À. 
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Next, fix acompact set K with A(K) > c and consider both yz and À restricted 
to K. By the Radon—Nikodym Theorem, there exists a non-negative function 
f € L\(K, B, A) such that 


uW) = fr dr 
E 


holds foreach Borel subset E of K (see Problem 12.13). We claim that f = 1 a.e. 
To establish this, assume by way of contradiction that the Lebesgue measurable 
set D = {x e K: f(x) < 1} satisfies 4(D) > 0; we can assume (why?) 
that D is a Borel set. If 4(D) > c holds, then pick a Borel subset Dı of D 
with A(D,) = c; if A(D) < c, then pick a Borel set Dı with DC Dı CK 
and A(D,) = c; (see Problem 18.19). Now, note that in either case, we have 
u(D,) < c, which contradicts our hypothesis. Hence, 4(D) = 0. Similarly, 
A({x €e K: f(x) > 1} = 0, and so f = 1 ae. Therefore, u(E) = A(E) holds 
for each Borel subset E of K. Now, pick a sequence {K,} of compact subsets 
of Rt with A(K,,) > c and K, ¢ R*. If E is an arbitrary Borel subset of R*, 
then note that 


BCE) = lim (E N K,) = lim ACE N Kn) = ACB). 
n—> o0 noo 


Problem 37.17. Let u and v be two o-finite measures on a o-algebra È of 
subsets of a set X such that v & wand v Æ 0. Show that there exist a set E € E 
and an integer n such that 

a. v(E) > 0; and 

b Ae LDandACE imply *y(A) < v(A) < nu(A). 


Solution. Pick a sequence {X,} of © with X =U), Xn, v(X,) < oo, and 
HU(Xn) < oo for each n. Since v Æ 0, there exists some n such that v(X,,) > 0. 
From v < p, it follows that «(X,) > 0 also holds. Thus, replacing X by X,, 
we can assume from the outset that both v and wp are finite measures. 

Now, by the Radon—Nikodym Theorem, there exists a function 0 < f € Lı(u) 
such that 


vA) = f fan 


holds for each A € £. From v Æ 0, we see that f # 0, and so the -measurable 
set F = {x € X: f(x) > 0} satisfies u*(F) > 0. Next, put 


E ={xEX: 4 < f(x) <n 
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and note that E, + E ae. Thus, for some n, we have y*(E,) > 0. By 
Theorem 15.11, there exists some E € © with E, C E and (E) = p*(E,). 
We claim that the set E satisfies the desired properties. 

To see this, note first that 


v(E) = Í jan = if fdu > 1 u*(En) > 0. 
E En 


Now, if A € È satisfies A C E, then note that 1x4 < f < nXa H — a.e., and 
consequently 


Ima) =i f xadu < f fdu =v) < f nadu = nua) 
A A A 


Problem 37.18. Let u be a finite Borel measure on [1, 00) such that 
a py <i, and 
b. u(B) = apu(aB) for eacha > 1 and each Borel subset B of [1, ©), where 
aB = {ab: be B}. 
If the Radon—Nikodym derivative du/diX is a continuous function, then show that 
there exists a constant c > 0 such that [du /dà](x) = 4 for each x > 1. 


Solution. For simplicity, let us write g = f. Then, the given identity u(B) = 
ap(aB) can be written in the form 


[raraaf fa 


For B = [1, x], we get 


[ Oa =a f foar 
1 a 


for each a > 1 and each x > 1. Differentiating with respect to x (and taking 
into account the Fundamental Theorem of Calculus), we see that 


f(x) =a’ f(ax) 


holds for each x > 1 and each a > 1. Letting x = 1, we obtain 


fla) = £ 


for all a > 1, and our conclusion follows. 
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Problem 37.19. Let ņ be a finite Borel measure on (0, 00) such that 


a. <A, and 
b. yu(aB) = u(B) for eacha > 0 and each Borel subset B of (0, 00). 


If the Radon—Nikodym derivative is a continuous function, then show that there 
exists a constant c > 0 such that [di/daA|(x) = S for each x > 0. 


Solution. Let A = f. Then, (by The Radon—Nikodym Theorem) the given 
identity u(B) = u(aB) can be written in the form 


[ran= fi fas. 


For B = [1, x] (put B = [x, 1] if 0 < x < 1), we get 


f soa =| soa 
1 a 


for each a > 0 and each x > 0. Differentiating with respect to x (and taking 
into account the Fundamental Theorem of Calculus), we see that 


f(x) = af (ax) 
holds for each x > 0 and each a > 0. Letting x = 1, we obtain 
f(a) = => 


for all a > O, as desired. 


38. THE RIESZ REPRESENTATION THEOREM 


Problem 38.1. /f X is a compact topological space, then show that a continuous 
linear functional F on C(X) is positive if and only if F (1) = |\|F || holds. 


Solution. Let F be a continuous linear functional on C(X), where X is com- 
pact. Note first that 


ATAO OA Nile ebha=t£eCOO: |= th 
Thus, if F is also positive, then 


JF] = sup{F(f): f € CCX) and II flloo < 1} 
= sup{F(f): f € C(X) and |f| < 1} = F(1). 
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On the other hand, assume F(1) = ||F ||. Let 0 < f € C(X) be nonzero, and 
put g = Wie Clearly, ||1 — glloo < 1. Thus, 


F(1) — F(g) = FA — 8) < IFI = FQ) 


holds, which implies F(g) > 0. Therefore, F(f) = | f llooF(g) > 0 holds, and 
so F is a positive linear functional. 


Problem 38.2. Let X be a compact topological space, and let F and G be two 
positive linear functionals on C(X). If F(1) + G(1) < ||F — GI], then show that 
FANG =0. 


Solution. Since F, G > 0, it follows that F—G < FvG and G—F < FVG, 
and so |F — G| < F v G. Thus, by the preceding problem 


IF -c| 


IA 


[F v G| =F v60 < |F +G] < |F| +G] 
F(A) +G(1) < |F -G|, 


II 


and hence, F v G(1) = F(1) + G(1) holds. From F + G=FVG+FAG, it 
follows that 


|F AG| = F a G0) = FA) + Gd) - F v G) =0, 
and so F AG = 0. 


Problem 38.3. Let X be a Hausdorff locally compact topological space and let 
co(X) = {f € C(X): Ve > OAK compact with |f (x)| < € Vx ¢ K}. 


Show that: 


a. Co(X) equipped with the sup norm is a Banach lattice. 
b. The norm completion of C.(X) is the Banach lattice co(X). 


Solution. (a) Clearly, co(X) with the sup norm is a normed vector lattice. For 
the completeness, let { f,} be a Cauchy sequence of co(X). Then {fa} converges 
uniformly on X to some function f. By Theorem 9.2 we infer that f € C(X). 
Now, if € > 0 is given, pick some n with |] fa — flloo < £, and then choose some 
compact set K with | f,(x)| < € for x ¢ K. Thus, 


| f(x)| < | fax) — f(x)| + | fn(x)| <e+e=2e 


holds for all x ¢ K, so that f € co(X). 
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(b) Obviously, C.(X) is a vector sublattice of co(X). We have to show that C,(X) 
is dense in Co(X). 

To this end, let f € co(X) and let e€ > 0. Pick some compact set K with 
| f(x)| < £ for x ¢ K, and then choose some open set V with compact closure 
such that K C V. By Theorem 10.8 there exists a function g: X —> R with 
K < g¢ < V. Then, fg € C,(X) and ||f — fglloo < 2e holds, proving that 
C.(X) is dense in the Banach lattice co(X). 


Problem 38.4. Lez F be a positive linear functional on C(X ), where X is Haus- 
dorff and locally compact, and let u be the outer measure induced by F on X. 
Show that if u* is the outer measure generated by the measure space (X, B, m), 
then u*(A) = u(A) holds for every subset A of X. 


Solution. Let A C X. We know that 
u(A) = inf{u(V): V open and A C V }. 


So, if A C V holds with V open, then u*(A) < u*(V) = (V) also holds, 
and thus *(A) < (A). On the other hand, by Theorem 15.11 there exists some 
B e B with ACB and u*(A) = u(B). Thus, w(A) < u(B) = u*(A), proving 
that u*(A) = w(A) holds. 


Problem 38.5. Let and v be two regular Borel measures on a Hausdorff locally 
compact topological space X. Then show that u > v holds if and only if f f du > 
{ f dv for each f €C,(X)*. 


Solution. Let u and v be two regular Borel measures on a Hausdorff locally 
compact topological space X. 

Assume first that y > v holds (i.e., assume that (A) > v(A) holds for each 
A € B). Clearly, if ọ is a -step function of the form ¢ = )°"_, a; x4, with each 
a; > 0 andeach A; € B, then ¢ is a v-step function and [ody > fdv holds. 
Now, let 0 < f € C,(X). Since 


f~ (la, b)) = [f7 ((—00, a)) N 7! ((—00, b)) € B, 


it follows from Theorem 17.7 that there exists a sequence {@,} of -step functions 
of the preceding type satisfying o, (x) t f(x) foreach x € X. This implies 


[fan = jim, fondu > tim [o,av = f fav 


For the converse, assume that f f du > f f dv holds foreach 0 < f € C,(X). 
In view of the regularity of the measures, in order to establish that 4 > v holds 
it suffices to show that (K) > v(K) holds for each compact set K. To this end, 
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let K be a compact set. Given € > 0, choose an open set V such that K CV 
and u(V) < u(K)+e. By Theorem 10.8 there exists a function f € C.(X) such 
that K < f < V. Now note that from xg < f < xy, it follows that 


WK) = fxxavs f favs ffans [yy du= WV) < uK) +e 


for all £ > 0. That is, v(K) < u(K) holds, as desired. 


Problem 38.6. Fix a point x ina Hausdorff locally compact topological space 
X, and define F( f) = f(x) for each f € CX). Show that F is a positive linear 
functional on C,(X) and then describe the unique regular Borel measure p that 
satisfies F(f) = f f du for each f € C,(X). What is the support of p? 


Solution. Clearly, F is a positive linear functional. The regular Borel measure 
representing F is the Dirac measure with “base point” at x. Its support is, of 
course, the set {x}. 


Problem 38.7. Let X be a compact Hausdorff topological space. If and v 
are regular Borel measures, then show that the regular Borel measures u V v and 
u A v Satisfy 

a. Supp(u V v) = Supp n U Supp v, and 

b. Supp(u A v) C Supp u N Supp v. 


Use (b) to show that if Supp u N Suppv = Ø, then u L v holds. Also, give an 
example for which Supp(u ^ v) # Supp w N Supp v. 


Solution. (a) Let A = Supp(u V v), B = Suppy, and C = Supp v. From 
wsuwVY,v<pVv,and pV v(A*) = 0, it follows that u(A°) = v(A‘) = 0, 
and so B C A and C C A. Thatis, BUC C A. On the other hand, the inequality 
“Vv <p+v implies 


wv v(B° N C°) < (u + v)(B° NC°®) < u(B°) + u(C*) =0, 


and so A S (B° NC’)? = BUC. 
(b) The inclusion follows easily from the inequalities 


wMAv<sp and whAv<pvy, 
If Supp 4  Suppv = Ø, then by part (b) Supp(u A v) = Ø holds, and so 


u Av = 0. For an example showing that equality need not hold in (b), let X = R, 
u =the Lebesgue measure, and v =the Dirac measure with “base point” at 0. 
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By Problem 36.5, we have u Av = 0. Therefore, Supp(u A v) = Ø holds, while 
Supp u N Supp v = R N {0} = {0). 


Problem 38.8. Let X be a Hausdorff locally compact topological space X. 
Characterize the positive linear functionals F on C,(X) that are also lattice 
homomorphisms; that is, F(f V g) = max{F(f), F(g)} holds for each pair 
fig €C(X). 


Solution. Let F be a positive linear functional on C,(X). Then we shall show 
that F isa lattice homomorphism if and only if there exist some c > 0 and some 
a € X such that F(f) = cf(a) holds for all f € C.(X). 

Clearly, if for some c > 0 and some a € X we have F(f) = cf (a) for each 
f € C.(X), then F is a lattice homomorphism. For the converse, assume that 
F is a non-zero lattice homomorphism. Let u be the regular Borel measure that 
represents F. If x, y € Supp pu satisfy x Æ y, then it is not difficult to see that 
there exist f, g inC,(X) with f Ag =0 and f(x) = g(y) = 1. Therefore, 


F(f Vg) =F(f +g) =F(f)+F(g) > max{F(f), F(g)} 


must hold, which is a contradiction. Thus, Supp yz consists precisely of one point; 
let Supp u = {a}. Set c = u({a}) > 0, and note that for every f € C,(X), we 
have 


Pf) = i Rua OeME=o. 


Problem 38.9. Let X be a Hausdorff locally compact topological space such 
that X is an uncountable set. Then show that 


a. C7(X) is not separable, and 
b. C[0, 1] (with the sup norm) is not a reflexive Banach space. 


Solution. (a) Foreach x € X define the positive linear functional F,.: C.(X) — 
R by F,(f) = f(x) andnote that ||F,—Fy|| = 2 holds for x # y. Clearly, the set 
{F,: x € X} is an uncountable subset of C7(X). Therefore, {B(F,, 1): x € X} 
is an uncountable collection of pairwise disjoint open balls. From this, it easily 
follows that no countable subset of C7(X) can be dense in C?(X). 

(b) By Problem 11.12, we know that C[0, 1] is separable. If C[0, 1] is reflexive, 
then its second dual is likewise separable. But then (by Problem 29.8) its first dual 
an be separable, contradicting part (a). Thus, C(O, 1] is not a reflexive Banach 
attice. 


Problem 38.10. Let X be a Hausdorff locally compact topological space. For a 
finite signed measure on B show that the following statements are equivalent: 
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a. p belongs to My(X). 
u+ and u` are both finite regular Borel measures. 

c. For each A € Bande > Q, there exist a compact set K and an open 
set V with K C A C V such that |w(B)| < € holds for all B e B with 
BCV\K. 


Solution. (a) == (b) Pick two finite regular Borel measures 4; and uz such 
that u = pı — u2. Then, wt = (uy — M2)" = pı V m — M2 holds. By 
Theorem 38.5, 44; V 42 is a finite regular Borel measure, and from this it follows 
that + is a finite regular Borel measure. Similarly, u~ is a finite regular Borel 
measure. 

(b) => (c) Note that |u| = w+ + u~ isa finite regular Borel measure, Now, let 
A € B and let £ > 0 be given. Then, there exists a compact set K and an open 
set V with K C A C V and |u|(V\K) < £. Therefore, if B € B satisfies 
B C V \Ķ, then |u(B)| < |u|(B) < |uI(V \ K) < £ holds. 

(c) ==> (a) Let A € B and let € > 0. Choose a compact set K and an open set 
V so that (c) is satisfied. Then, by Theorem 36.9, we have 


0<p*(A)—ut(K)=yu*(A\K)=sup{u(B): B € B and B S A\K} 
and 
0<u*(V)—u*+(A)=u+(V\A)=supf{u(B): BeB and Bc V\A}. 


Thus, u*(A)— u*(K) <£ and u+(V)-— u*(A) < £ both hold. Hence, u* isa 
finite regular Borel measure. Similarly, u~ is a finite regular Borel measure, and 
so y = ut — u` € M(X). 


Problem 38.11. A sequence {x,} in a normed space is said to converge weakly 
to some vector x if lim f (xn) = f(x) holds for every continuous linear functional 
f 
a. Show that a sequence in a normed space can have at most one weak limit. 
b. Let X be a Hausdorff compact topological space. Then show that a se- 
quence {fn} of C(X) converges weakly to some function f if and only if 
{fn} is norm bounded and lim f,(x) = f(x) holds for each x € X. 


Solution. (a) Assume that a sequence {x,} in a normed vector space Y satisfies 
lim f (xn) = f(x) and lim f(x,) = f(y) for every f € Y*. Then, f(x — y) =0 
holds for all f € Y*. By Theorem 29.4, we see that x — y = 0, and so {x,} can 
have at most one weak limit. 


(b) Assume first that the sequence {fn} of C(X) converges weakly to some 
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function f € C(X). By Theorem 29.8, {fn} is norm bounded. If x € X, let uy 
denote the Dirac measure with support {x}, and note that 


fate) = | ham — J f diy = f). 


Conversely, if {fan} is norm bounded and lim f,(x) = f(x) holds for each 
x € X (where, of course, f € C(X)), then the Lebesgue Dominated Convergence 
Theorem implies that lim f f,du = ff du holds for every Borel measure p. 
This, coupled with the Riesz Representation Theorem, shows that {fa} converges 
weakly to f. 


Problem 38.12. Let u be a regular Borel measure on a Hausdorff locally com- 
pact topological space X , and let f € L(y). Show that the finite signed measure 
v, defined by 


vE)= | fau 
E 


for each Borel set E, is a (finite) regular Borel signed measure. In other words, 
show that v € M(X). 


Solution. We can assume that f(x) > 0 holds for all x. By Problem 22.7, the 
set A = {x € X: f(x) > 0} is ao -finite set with respect to u. Choose a sequence 
{Xn} of u-measurable sets with 4(X,,) < oo foreach n and X, ¢ A. 

Now, let E be a Borel set and let € > 0; clearly, v(E) = v(E N A). Select some 
n with v(E)—v(X, NE) < £. Also, using the regularity of y and Problem 22.6, 
we see that there exists a compact set K C X, QE with 


v(X, QN E)—v»v(K)= fau- f fan <e. 
X, NE K 


Thus, the compact set K C E satisfies 
0 < v(E) — v(K) = [W(E) — V(X, N E)] + [v(X, N E) — v(K)] < 28. 


Next, use Problem 22.6 and the regularity of u to see that for each n there 
exists an open set V, satisfying X, NE S V, and v(V,) — (Xn ON E) < $. 
Then, the open set V = (JV, satisfies E G V, and in view of V \E S 
Ur (V, \ Xn N E), we see that 


0 < v(V) — (E) = v(V \ E) < Ñ (VY, \ Xn N E) < €. 
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Altogether, the preceding show that v is a regular Borel measure. 


Problem 38.13. Generalize part (3) of Theorem 38.5 as follows: If u and v are 
two regular Borel measures on a Hausdorff locally compact topological space and 
one of then is o-finite, then show that u A v is also a regular Borel measure. 


Solution. Let u and v be two regular Borel measures on a locally compact 
Hausdorff topological space X and assume that u iso-finite. Also, let w = wAv 
and note (in view of w < u) that w is aø -finite Borel measure which is absolutely 
continuous with respect to p. 

Now, let E be a Borel subset of X satisfying (E) < oo and let € > 0. 
Consider w and u restricted to the Borel sets Bg of E (from Problem 12.13 we 
know that Be = {BN E: B e B}). Now, by the Radon—Nikodym Theorem there 
exists a (unique) non-negative function f € L,(E, Bg, m) satisfying 


o(BNE) = fdu, foreach B eB. 
BNE 


Since yw is a regular Borel measure, it follows from Problem 22.6 that there exists 
a compact subset K of E such that 


0<ak)— atk) = | fan- f fan= f fdu <e. 
E K E\K 


Therefore, we infer that 
w(E) = sup{w(K): K compactand K C E}. (x) 


Now, use the o -finiteness of w to show that (x) holds true for each Borel subset of 
E. 

It remains to be shown that the measure of every Borel set can be approximated 
from above by the measures of the open sets. To this end, let E be an arbitrary 
Borel set, and recall that 


AE) = u A VE) = inf{u(B) + v(E \ B): B € B and BC E}. 


Let c = inf(w(O): O openand E C O} and let € > 0. Given B e B 
with B C E, choose open sets V and W such that B C V, E\B C W, 
MV) < u(B)+£,and v(W) < v(E \ B) + e€. Then, we have 


WE) < c < o(V UW) < a(V) + a(W) < WV) +W) 


< 
< M(B)+e+v(E\ B)+e = u(B)+ v(E \ B) +2e. 
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Thus, w(E) < c < w(E) + 2e holds for each € > 0, and so w(E) = c, and we 
are finished. 


Problem 38.14. Show that every finite Borel measure on a complete separable 
metric space is a regular Borel measure. Use this conclusion to present an alternate 
proof of the fact that the Lebesgue measure is a regular Borel measure. 


Solution. Let X be a complete separable metric space, let B be the o-algebra 
of all Borel sets of X, let {x1, x2,...} be a dense countable subset of X, and let 
u: B —> [0, oo) be a measure. 
Consider the collection A of subsets of X defined by 
A={Ae€B: u(A) = inf(u(O): AC O and O open} 


sup{u(K): K C A and K compact}}. 


The collection A has the following properties: 
1. A contains the open and closed sets. 

To see this, assume first that V is an open set, and let € > 0. For each n let F 
be the collection of all open balls of the form B(x;,r) with r a rational number 
less than or equal to 1 and B(x;,r) C V. Clearly, each F, is at most countable 
and V = (J,.,B holds. For each n pick B7, ..., By € F, such that 


u(v\ Jer) < = 
i=) 


Next pit C = (c De B? , and note that C is a totally bounded set. Hence, 
its closure C is also a totally bounded set (why?). Since (by Theorem 6.13) C is 
a complete metric space in its own right, it follows from Theorem 7.8 that C isa 
compact set. Now, note that C CV holds, and that 


0 < u(V)— uC) < u(V)-— WC) = WV \C) 


= (ÖP Ua) = Žu Yar) 


=] =) i=l 


Therefore, 
W(V) = inf{u(0): V C O and O open} 


sup{u(K): K CV and K compact} 


holds, and so V € A. 
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Now, let C be a closed set, and let ¢ > 0. By the preceding, there exists a 
compact subset K with u(X)— w(K) < e. Then, the compact subset C A K of 
C satisfies 


u(C) — MC NK) = wW(C\CNK) 


uC \ K) < W(X \ K) = MX) — MK) < e. 


ll 


Also, by the previous part, there exists a compact set K; with Kı © X\C and 
U(X \ C) — u(K1) < £. Now, the open set O = X \ K; satisfies C C O and 


u(O) — w(C) = W(X \ K1) — WC) = W(X) — u(K1) — HC) 
= U(X \C) — (K1) < €. 


Thus, 


u(C) = inf{u(O): C C O and O open} 
= sup{u(K): K CC and K compact} 


also holds, and so C € A. 
2. If A e A, then AS € A. 
From (A) = sup{u(K): K C A and K compact}, it follows that 


u(A°) = (X) — WA) 

inf{u(X) — w(K): K C A and K compact} 
inf{u(K°): K C A and K compact} 
inf{u(O): AS C O and O open}. 


Similarly, (A) = inf{u(0): A C O and O open} implies 
p(A°) = sup{u(C): C C A° and C closed}. 


Since, by part (1), (C) = sup{u(K): K C C and K compact} holds for each 
closed set C, we see that 


H(A‘) = sup{u(K): K C A° and K compact). 
3. If {An} is a sequence of A, then J", An € A. 


Let {An} S A, let A = (J, An, and let £ > 0. Foreach n pick some open set 
On with An S On and (0, \ An) < €2~". Then, the open set O = UX; On 
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satisfies A C O and from O \ A =U, On \ UP; An © Upa (On \ An), we 
get 


u(O) — (å) = w(O \ A) < n(Uo, \ An)) < S WO, \ An) < $, 
n=1 


n=] 


On the other hand, fix some k with (A \ Bie Ai) < £, and then for each 
1 <i < k pick a compact set K; C A; with (A; \ K;) < £2. Then, the 
compact set K = vie K; satisfies K C U A; C A and 


u(A\K) = u(A\ Ua) +u((U4:)\«) 


k 


u(A) — u(K) 


<e+u((UA)\k) =¢+u(UJai\ UX) 


i=] i=l i=l 


k 
e+) u(Ai\ Ki) < e+e = 2e. 


i=] 


IA 


The validity of statement (3) has been established. 

Now, from the preceding statements, we see that A is a ø -algebra that contains 
the open sets. Consequently, every Borel set belongs to A (i.e., A = B), and so 
u is a regular Borel measure. 

Now, let us use the previous conclusion to establish that the Lebesgue measure 
à on R” is a regular Borel measure. To this end, let A be an arbitrary Borel set. 
Also, let V,, (resp. C,,) denote the open (resp. the closed) ball of R” with center 
at zero and radius n. Since each C, is a complete separable metric space in its 
own right, it follows from the previous result that À restricted to each C, isa 
regular Bore] measure. Therefore, we have 


MANC,) = sup{rA(K): K C ANC, and K compact}. 


From ANC, ¢ A, it follows that A(AMC,,) t A(A), and an easy argument shows 
that 


(A) = sup{A(K): K G A and K compact). 


Next, note that if (A) = oo, then 


A(A) = inf(A(O): A C O and O open} 
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is trivially true. So, assume that A(A) < oo, and let ¢ > 0. By the regularity of 
A on Cp (and the fact that V, is an open set), we see that 


II 


AAA Va) = DACON Crh): Van AC ONC, and O open} 
inf{(A(O N Va): V NA CONV, and O open} 


inf{A(O): ANV, C O and O open}. 


II 


Therefore, for each n there exists an open set O, with A N Vn C On and 
MOn\AMV,) < €2-". Now, the set O = US; On is open and satisfies 
A C O. From 


O\A=[J0n\ JAN Vn SLOn\ 40 Va) 
n=] 


n=l n=1 


we see that 


0 <A(O) — A(A) = A(O \ A) < Ñ (On \ AN Va) < €. 


n=1 


Hence, A(A) = inf{A(O): A C O and O open} also holds, and so the Lebesgue 
measure A is a regular Borel measure. 


Problem 38.15. Let X be a Hausdorff compact topological space. If 6: X —> X 
is a continuous function, then show that there exists a regular Borel measure on 


X such that 
ftoodu= f fau 


holds for each f € C(X). 


Solution. Let X be a Hausdorff compact topological space and let ¢:X —> X 
be a continuous function. Fix some w € X and let Lim: l% > fo. is a Banach- 
Mazur limit (see Problem 29.7). Now, consider the positive linear functional 
F:C(X) — R defined by 


F(f) = Lim(f(o(o)), F(¢"(@)), F(P7>(@)), -..), 


and let yz be the regular Borel measure on X representing F, i.e., F(f) = [fdu 
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holds foreach f € C(X). The identity 
LAX), Xb, 15) = GUN, Fh sa) 


for all (x1, X2,...) € oo easily implies F(f) = F(f o p) for each f € C(X). 
Consequently, the regular Borel measure u satisfies f f du = J f oddwp for 
each f € C(X). 


Problem 38.16. This exercise gives an identification of the order dual C7 (X) of 
C-(X). Consider the collection M(X) of all formal expressions p; — p2 with py 
and u regular Borel measures. That is, 


M(X) = {41 — uz: Hı and u are regular Borel measures on X}. 


a. Define uı— u2 = vı — v in M(X) to mean pı (A)+v:(A) = v1 (A)+2(A) 
for all A e B. Show that = is an equivalence relation. 

b. Denote the collection of all equivalence classes by M(X) again. That is, 
[41 — u and vı — v2 are considered to be identical if pı + v2 = vı + M2 
holds. In M(X) define the algebraic operations 


(M1 — M2) + vı — v2) = (Hi + vı) — (m2 + v2), 

sy l Cn = Oa if a>=0 

oi #2) = | (aur — (ayer if @ <0. 
Show that these operations are well defined (1.e., show that they depend only 
upon the equivalence classes) and that they make M(X) a vector space. 

c. Define an ordering in M(X) by pı — H2 = vı — v whenever 


[41(A) + v2(A) > vi (A) + 42(A) 


holds for each A € B. Show that > is well defined and that it is an order 
relation on M(X) under which M(X) is a vector lattice. 

d. Consider the mapping p = pı — H2 > F, from M(X) to CT (X) defined 
by F,(f) = ff du — f f dm for each f € C.(X). Show that F, is well 
defined and that p +> F, is a lattice isomorphism (Lemma 38.6 may be 
helpful here) from M(X) onto C~(X). That is, show that CX (X) = M(X) 
holds. 


Solution. (a) Clearly, pı — 42 = Hı — H2 and py — 2 = Vv; — V2 implies 
vı —v = pı —//2. For the transitivity, let pı — 42 = vj) —V2 and vj —v2 = w — W2. 
That is, assume that jz; + v2 = vy + 42 and vı + @2 = @ + v2. Adding the last 
two equalities, we see that 


Hi +a + (vi + v2) = @ + M2 + (vi + V2). (x) 
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Since all measures involved are regular Borel measures, it follows from (*) that 
ui(K)+ (K) = w(K) + 42(K) holds for each compact subset K of X. The 
regularity of the measures implies 


(A) + (A) = w (A) + 142(A) 


foreach A € B, and so u — u2 = a — @ holds. 

(b) To see that the addition is well defined, assume that p; — #2 = vı — v2 and 
w — @) = nı — m2. Thatis, yı + v2 = vi + u2 and w; +72 = T1 +», and so 
(uy + @ 1) + (v2 + 72) = (vi + 71) + (u2 + @2). That is, 


(1 — H2) + (wi — @) = (uı + w1) — (u2 + @) 
= (vi +7) — (2 +m) =(vı — v2) + (™ — 1). 


Similarly, the multiplication is well defined. Now, it is a routine matter to verify 
that under these algebraic operations M(X) is a vector space. 

(c) To verify that > is well defined, proceed as in part (b) above. It is a routine 
matter to check that > makes M(X) a partially ordered vector space. 

Next, we shall show that M(X) is a vector lattice. It suffices to verify that 
(uw; —2)* exists in M(X) for each yı — u2 E M(X). To this end, let yı — 2 in 
M(X). By Theorem 38.5, pı V u2 is a regular Borel measure, and we claim that 
(u — u2) = u V u2 — m holds in M(X). Clearly, 


Hı — 42 Š Hı V 2—2 and O< pi V pyu- p 


both hold. To see that 4; V u2 — H2 is the least upper bound of 44; — u2 and 0, 
assume 4 — 2 < vı — v = v and v > 0. Then, v + w2 is a regular Borel 
measure such that v + 42 > 4; and v + u2 > u2 both hold. By Theorem 38.5, 
v + 42 > py V pn, and hence v > pı V 42 — u2 holds in M(X). This shows 
that 14; V u2 — p2 is the least upper bound of u, — u2 and 0. 

(d) It is a routine matter to verify that y —> F, from M(X) into C>(X) is 
well defined and linear. Moreover, since every F € C>(X) can be written as a 
difference of two positive linear functionals, the Riesz Representation Theorem 
guarantees that u +— F, is onto. To see that u +—> F, is one-to-one, assume 
that F, = 0. Then, ff du; = f fdu holds for each f € C,(X), and so by 
(the Riesz Representation Theorem) u; = u2. Therefore, y = pı — u2 = 0 and 
so 4 —> F, is one-to-one. 

Finally, observe that 4 > 0 holds in M(X) if and only if F, = 0 holds in 
C7 (X), and then invoke Lemma 38.6 to see that y +> F, isa lattice isomorphism 
from M(X) onto C7(X). Thus, under this lattice isomorphism, we can say that 
Cr (X) = M(X). 
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Problem 38.17. This problem shows that for a noncompact space X, in gen- 
eral C*(X) is a proper ideal of C>(X). Let X be a Hausdorff locally compact 
topological space having a sequence {O,} of open sets such that O, © On41 and 
On # Ona for each n, and with X = (JP, On. 
a. Show that if X is o-compact but not a compact space, then X admits a 
sequence {O,,} of open sets with the preceding properties. 
b. Choose x; € ©; and xn € On \ On_; for n > 2. Then, show that 


PF) = > F Gn) for fF ey) 
n=1 


defines a positive linear functional on C,(X) that is not continuous. 
c. Determine the (unique) regular Borel measure p on X that represents F. 
What is the support of u? 


Solution. (a) Let {K,,} be a sequence of compact sets with K, ft X. For each n 
pick an open set V, with compact closure such that K, © Vp. Put O, = U; Vi 
and note that O, + X. Since each O, has compact closure and X is not compact, 
O, Æ X holds for each n. By passing to a subsequence of {O,}, we can assume 
that On Æ On+ı also holds for each n. 

(b) Let f € C.(X). Since Supp f C UP, On holds and Supp f is compact, 
there exists some k with Supp f C O,. Thus, f(x,) = 0 for n > k, and so F 
clearly defines a positive linear functional on C,(X). 

Next, we shall show that F is not continuous. By Theorem 10.8 there exists 
some g, E€ C,(X) with {x1,..., Xn} < 8n < On. Therefore, ||F || > F(g,) =n 
holds for each n, and so ||F || = oo. 

(c) The regular Borel measure jz that represents F is defined on the Borel set B 
by 


u(B) = The number of elements of {x), x2,...}NB. 


(If (x1, x2,...}B is countable, then (B) = oo, and if {x1, x2, ...} A B =Ø, 
then (B) = 0.) Also, note that 


Supp = (xi, Xa 05 


39. DIFFERENTIATION AND INTEGRATION 


Problem 39.1. Jf p is a Borel measure on R*, then show that u L 2 holds if 
and only if D u(x) = 0 for almost all x. 
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Solution. Assume u L à. Choose two disjoint Borel sets A and B with 
AUB = RÝ and (A) = A(B) = 0. By Lemma 39.3, Du(x) = 0 holds for 
almost all x in A, and so Du(x) = 0 holds for almost all x in R*. 

Now, suppose that D(x) = 0 holds for almost all x € IR“. Use the Lebesgue 
Decomposition Theorem 37.7 to write = pı + p2 withy; < A and uz L À. 
By the preceding, Du(x) = 0 holds for almost all x in Rt. Thus, from 
Theorem 39.4, it follows that 


da — Du, = Du =0, 
and so u; = 0. Therefore, u = u2 L A holds. 


Problem 39.2. Show that if E is a Lebesgue measurable subset of R‘, then 
almost all points of E are density points. 


Solution. For each x = (x1,...,2x,) € RÝ and each € > 0, consider the open 
interval J, = [];_,(x; — e, x; + £). If E is a Lebesgue measurable set, then 


dim “Gott = Xe@) @) 
holds for almost all x. To see this, note first that we can assume without loss of 
generality that A(E) < oo holds (why?). Now, consider the finite Borel measure 
u on R* defined by 


u(A) = MENA) = fx dì. 
A 


Clearly, y « A and sg = Xe. By Theorem 39.4, we have Du = xg a.e., and 
the validity of (x) follows. 


Problem 39.3. Write B,(a) for the open ball with center at a € RY and radius 
r. If f is a Lebesgue integrable function on R*, then a point a € R* is called a 
Lebesgue point for f if 


i If œ) — f(a) da) = 0. 


lim —— 
r+0* À(B,(a)) JB (a 


Show that if f is a Lebesgue integrable function on R*, then almost all points 
of R* are Lebesgue points. 


Section 39: DIFFERENTIATION AND INTEGRATION 381 


Solution. Denote by Q the set of all rational numbers of R. Fix some a € Q, 
and let B, = B(0, n). Now, define the finite Borel measure u by 


u(E) = J | f(x) — a] da(x), 
ENB, 
Since u <A, it follows from Theorem 39.4 that 


Du = $ = |f -alxs, ae. 


Consequently, 


lim aw J, [F@-a lane = | f(x) —a| (*) 


r—>0t 


holds for almost all x in B,, and therefore (since n is arbitrary) (*) holds for 
almost all x in R“. Let E, be a Lebesgue null set for which (*) holds for all 
xE Ea Set E = reo Ea, and note that A(E) = 0. 

Now, let y ¢ E and let € > 0. Choose some rational number s € Q with 
ls — f(y)| < £ (we shall assume that f is real-valued everywhere). In view of 


\f(x) — FON < If) — s| + |s — f(y), we see that 


Kim sup rgi |,  |F) - fO aren 
r—>0* r(y) 
, l 
< lim, op i alt (x) =s | dX) 


. 1 
+ lim 5@.o) Í ae = fO) | da) 
= |f(y)-s|+|s— fQ)| < 2e, 
and from this the desired conclusion follows. 


Problem 39.4. Let f:R — R be an increasing, left continuous function. Show 
directly (i.e., without using Theorem 38.4) that the Lebesgue—Stieltjes measure y p 
is a regular Borel measure. 


Solution. Let (a, b) bean open interval. Then, there exists asequence {[an, b,}} 
of closed intervals with [a,, b,] f (a, b). It follows that y plan, bnl) t we ((@, b)). 
Since every open subset of IR can be written as an at most countable union of 
pairwise disjoint open intervals, it follows that 

.4(O) = supfus(K): K © O and K compact } 


holds for all open sets O. 
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Now, let [a, b) be a finite interval. Then, for each point c < a of continuity of 
f, wehave [a, b) C (c, b) and wr ((c, b))-up(la, b)) = f(a)— f(c). By the left 
continuity of f, we see that u s([a, b)) = inf{u p ((c, b)): c < a}. Next, consider 
ao-set A with py -(A) < oo. Choose a pairwise disjoint sequence {[d,, b,)} with 
A= eae b,,). Given £ > 0, for each n choose some real number Cy < a, 
with (Cn, bn) \ [an bn)) < £, and then set V = Upc (Cn, bn). Clearly, V is 
an open set, A C V, and 


Ms(V) — wz (A) 


upV\A) < us (Ulen bn)\ lan, bn) ]) 


n=1 


< Ý ug((Cn, ba) \ lan, dn)) < È £ =e. 
n=1 FET 


Thus, u ¢(A) = inf{u (V): AS V and V open}. 
Now, to complete the proof, use Problem 15.2. (For a general result about regular 
Borel measures, see also Problem 38.14.) 


Problem 39.5 (Fubini). Let { f,,} be a sequence of increasing functions defined 
on (a, b] such that $ 7; fu(x) = f(x) converges in R for each x € [a, b]. Then, 
show that f is differentiable almost everywhere and that f'(x) = Yc; f/(x) 
holds for almost all x. 


Solution. Replacing each fn by fa — fn(a), we can assume that fa > 0 
holds for each n. Set Sn = fı +--+ fn, and note that each s, is increasing 
and s,(x) t f(x) holds for each x. Clearly, f is also an increasing function. 
By Theorem 39.9, f and all the f, are differentiable almost everywhere. Since 
fn+1 = Sn+1 — Sn is an increasing function, we see that s/ 41(%) = s/(x) must hold 
for almost all x. Similarly, since f(x) — s,(x) = )°72,,,, 5;(x) is an increasing 
function, it follows that f'(x) > s(x) holds for almost all x. Thus, 


Jim 5,0) = > fy) 


n=l 


exists for almost all x. 
Now, for each n let 


tn(x) = f(x) — s(x) = Y fi(x) > 0. 


i=n+] 
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Clearly, each ¢, is an increasing function. Pick a subsequence {s,,} of {sn} such 
that 


ie.) 


yn (x) < LL [F(b) = se, (b) ] 


The same arguments applied to {t;,} instead of {sn} show that 


D6) = DF - 5,0] 
n=1 


n=1 


converges for almost all x. In particular, SC) '(x) holds for almost all x, 
and so 


iO 1 
n=l 


holds for almost all x. 


Problem 39.6. Suppose {fn} is a sequence of increasing functions on [a, b] and 
that f is an increasing function on [a,b] such that uf, t up. Establish that 
f'(x) = lim f(x) holds for almost all x. 


Solution. We shall present a solution of this problem based upon the following 
general continuity property of the Differential Operator D: If {un} is a sequence 
of Borel measures in RÝ and Uun t u holds for some Borel measure u, then 
Du, t Dy a.e. also holds. 

If this property is established, then using Theorem 39.8, we see that 


f(x) = Dus, (x) t Dus (x) = f'a) 


must hold for almost all x. 

To establish the validity of the continuity property start by observing that if two 
Borel measures yz and v satisfy  < v, then Du < Dv ae. holds. Indeed, by 
Theorem 39.6 both u and v are differentiable almost everywhere. If x € R* is 
a point for which Dy(x) and Dv(x) exist and B, = B(x, 1), then 


Dux) = „Jim n Kay < lim sa = = Dv(x). 


Now, let 4, t u. Restricting ourselves to the open balls {x € R*: ||x|| < n}, 
we can assume without loss of generality that all measures are finite. 
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By the Lebesgue Decomposition Theorem 37.7, we can write Un = Vn + Wn 
with vn <A and œ L A. It follows from the proof of Theorem 37.7 that 
[Ln AMA tm Vn. Clearly, this implies vn < vn41 foreach n. From formula (c) of 
Problem 9.1, we get 


Ln — Mn AmA =0 V (Hn — MÀ) < OV (Mngt — MA) = Ung — Ung ^ MÀ 
for each m. Letting m —> oo, we obtain 
= Un — Vn S Unyi — Vh = Ont 


for each n. Let v, t v and œ f œ. Since Hn = Yn + On TH, it follows that 
u = v +w. The relation v, < à for each n easily implies v < À. In view of 
w, L 4 = 0 for each n, it follows from Lemma 37.6 that w L A = 0. That is, 
v <A and w L à both hold, and so u = v + w is the Lebesgue decomposition 
of u with respect to à 

From Problem 39.1 (or by repeating the proof of Theorem 39.6), we see that 
sae = Dv, (x) and Du(x) = Dv(x) both hold for almost all x. Let Du, = 
a = f, for each n. In view of u,(R“) = ffndà < u(R*) < oo, Levi’s 
Theorem 22.8 shows that there exists some f € L)(R“) with fa t f. Now 
note that v,(EZ) = fs fr dA implies v(E) = fẹ f dà for each Borel set E. This 
implies f = Dv a.e., and so 


Dun(x) = Dirx) = fax) t f(x) = Dv(x) = Dux) 


holds for almost all x, as desired. 


Problem 39.7. This problem reveals some basic properties of functions of 
bounded variation on an interval [a,b]. 


a. If f is differentiable at every point and |f'(x)| < M < oo holds for 
all x € [a,b], then show that f is absolutely continuous (and hence, of 
bounded variation). 

b. Show that the function f:[0, 1] — R defined by 


Bato ifx=0 
F00) = {Po cog( 4) if0<x<1 


is differentiable at each x, but is not of bounded variation (and hence, f 
is continuous but not absolutely continuous). 
c. If f is a function of bounded variation and |f(x)| > M > 0 holds for 


each x € [a,b], then show that g(x) = 75 is a function of bounded 
variation. 
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d. Ifa function f:{a,b] — R satisfies a Lipschitz condition (i.e., if there 
exists a real number M such that | f(x) — f(y)| < M|x — y| holds for all 
x, y € [a, b]), then show that f is absolutely continuous. 


Solution. (a) If (a), bı), ..., (an, bn) are pairwise disjoint open subintervals of 
[a, b], then by the Mean Value Theorem we have 


DOIS O) — flai)| < M X (b; - ai). 
iSi IS] 


The preceding easily implies that f is an absolutely continuous function. 
(b) Only the differentiability of f at zero needs verification. The inequality 


LORO | — |xeos(4)| < x 


for 0 < x < 1 yields f’(0) = 0. Now if 


= J eee [2 Sie 
= fo, 2nx? CNA 8°29 SW yr WW) 2a Y 1}, 


then an easy computation shows that the variation of f with respect to the partition 
P. is 


n 
cosl+2-)°} < Vș. 
k=1 
This implies Vf = 00 
(c) Note that for each a < x < y < b, we have 


|gx) — 0) | = AA < hlf- fO): 


Therefore, V; < 72Vy < 00 holds. 

(d) Let a inaction f:{a,b) — R satisfy a Lipschitz continca as stated in the 
problem and let £ > 0. Put ô = 7 > 0 and note that if (a1, by), ...,(@n, bn) are a 
pairwise disjoint open subintervals of [a, b] satisfying, Sok = a;) < ô, then p 


T 


PRE. a s ro 
7 i pi ai g aj)| 
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Problem 39.8. This problem presents an example of a continuous increasing 
function (and hence, of bounded variation) that is not absolutely continuous. 

Consider the Cantor set C as constructed in Example 6.15 of the text. Recall 
that C was obtained from [0, 1] by removing certain open intervals by steps. In 
the first step we removed the open middle third interval. At the nth step there were 
2"! closed intervals, all of the same length, and we removed the open middle 
third interval from each one of them. Let us denote by I',..., I;,-1 (counted from 
left to right) the removed open intervals at the nth step. Now, define the function 
Ff: [0, 1] — [0, 1] as follows: 

i FO) =0; 

ii. ifx € 1? for some 1 <i < 2"~', then f(x) = (2i — 1)/2"; and 

iii. ifx €C with x #0, then f(x) = sup{ f(t): t <x and t € [0,1] \C)}. 
Part of the graph of f is shown in Figure 7.1. 


a. Show that f is an increasing continuous function from [0, 1] to [0, 1]. 
b. Show that f'(x) = 0 for almost all x. 

c. Show that f is not absolutely continuous. 

d. Show that ws L à holds. 


Solution. Notice again that parts of the graph of the function f are shown in 
Figure 7.1. 

(a) Straightforward. 

(b) Observe that f is constant on each /;”. This implies that f’(x) = 0 holds 


FIGURE 7.1. 
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for all x € [0, 1] \C. Since A(C) = 0, it follows that f’(x) = 0 holds for almost 
all x. 
(c) If f is absolutely continuous, then by Theorem 39.15 we should have 


1 
TEON o Í Padra =0, 


which is impossible. 
(d) Note that if B = [0, 1] \C, then B UC = [0, 1] and ws(B) = AC) = 0. 
Hence, us -L A holds. 


Problem 39.9. Let f:[a,b] — R be an absolutely continuous function. Then 
show that f is a constant function if and only if f'(x) = 0 holds for almost all x. 


Solution. Assume that f:[a,b] —> R is an absolutely continuous function 
such that f'(x) = 0 holds for almost all x. By Theorem 39.15, we have 


IO fa) = fdt) = 0 


for each x € [a,b]. Hence, f(x) = f(a) holds for each x € [a, b], so that f is 
a constant function. 


Problem 39.10. Let f and g be two left continuous functions (on R). Show that 
Hf = Hg holds if and only if f — g is a constant function. 


Solution. If f — g is a constant, then it is easy to see that uf = pg holds. For 
the converse, assume uf = Hg. If x > 0, then 


f(x) — FO = uz (I0, x)) = mg (l0, x)) = g(x) — 80) 
implies f(x) — g(x) = f(0) — g(0). Similarly, if x < 0, then 
f — f(x) = wz (Lx, 0)) = we (Lx, 0) = 800) — g(x), 
and so f(x) — g(x) = f(0) — g(0) holds in this case too. 
Problem 39.11. This problem presents another characterization of the norm 


dual of C [a, b]. Start by letting L denote the collection of all functions of bounded 
variation on [a, b] that are left continuous and vanish at a. 


a. Show that L under the usual algebraic operations is a vector space, and 
that f œ> uf, from L to M,((a, b]), is linear, one-to-one, and onto. 
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b. Define f > g tomeanthat f —g is an increasing function. (Note that f > g 
does not imply f > g.) Show that L under > is a partially ordered vector 
space such that f > g holds in L if and only if wr Z mg in My([a, b)). 

c. Establish that L with the norm || f || = Vir, is a Banach lattice. 

d. Show, with an appropriate interpretation, that C*[a, b] = L. 


Solution. (a) Clearly, L under the usual algebraic operations is a vector space. 
Also, it should be clear that f +> jy from L to My([a, b]) is a linear mapping. 
To see that f —> up is one-to-one, assume uyr = 0. Then, 


f(x) = f(x) — f(a) = up ([a, x)) =0 
holds for all a < x < b, and so f =0. 


Next, we shall show that +> u f is onto. Assume at the beginning that 
0 < u € M)([a, b]). Define the function 


0 if x <a 
f(x) = 4 wl(la,x)) ifa<x <b 
M([a,b]) ifx>b, 


and note that f is increasing, left continuous, and satisfies f(a) = 0. Thus, 
f € L. Now, an easy argument shows that u = up. Finally, if u € M» (la, b]), 
then pick two increasing functions f, g € L with ut = wy and w~ = py. Note 
that the function h = f—g € L satisfies y = y*—u” = uf—Hg = Ur ir 
(b) Straightforward. 
(c) Since f > g holds in L if and only if ws > pg holds in My([a, b]) 
and M,({a,b]) is a vector lattice, it is easy to see that L must likewise be a 
vector lattice. Moreover, by Lemma 38.6 the mapping f +> u f is a lattice 
isomorphism from L onto My ([a, b]). 

Now, note that if f > 0 holds in L (i.e. if f isan increasing function), then 


Vs = £6) - f(a) =u; (la, 6) = |u| 
holds. Thus, foreach f € L we have 


Jer = Yer = level = Vine 


This implies that || f|| = Vif; defines a lattice norm on L, and that f > my 
from L onto M» (la, b)) is a lattice isometry. In particular, L with the norm 
ll fll = Vif; is a Banach lattice. 


(d) Using the notation of Theorem 38.7, we see that the composition of the two 
operators 


fr hy te Fa 


is a lattice isometry from L onto C*[a, b]. 
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Problem 39.12. /f f: [a,b] — R is an increasing function, then show that f’ is 
Lebesgue integrable and that k f'(x)dx < f(b) — f(a) holds. Give an example 
of an increasing function f for which f i f'(x) dx < f(b)— f(a) holds. 


Solution. Let g,(x) = n[ f(x + +) — f(x)] for each x e [a,b] (where, of 
course, f(x) = f(b) for x > b.) Clearly, g,(x) — f'(x) holds for almost all 
x: see Theorem 39.9. On the other hand, the relation g,(x) > 0 for each x, and 


[ oax nLf tættar- f foar] 


b+: 


n 


Il 


lI 
= 


b 
fax — | faa] 


n 


[ nia- i a] 
[ 
[ 


Il 
= 


b 


II 
x 


IA 
= 
3 jm 
` 
~ 
S~ 
—_— 
| 
p= 
=` 
mS 
a] 
—_— 
td 
II 
Sh 
wae 
> 
N 
| 
Sy 
AEN 
Q 
SA 


coupled with Fatou’s Lemma show that f’ € Lı (l[a, b]) and that 


b b b 
[ reoa= f in, sax < timing [ dx < fO- Fea 


Finally, an example of a function that yields strict inequality is provided by the 
function described in Problem 39.8. 


Problem 39.13. Jf f:[a,b] — R is an absolutely continuous function, then 
show that 


b 
v= | IF Oldx 
a 
holds. 
Solution. By Theorem 39.15 we have f’ € Lı([a, b]) and 


B= [ f'œ)dx 


holds for each Borel subset E of [a,b]. 
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Start by observing that if a = to < fi < -++ < t, = b is a partition of [a, b], 
then 


" pa) dx | 


Dra- £60] = 
i=l i=] 44-1 
n ti b 
< ny Iola = f |f œ| dx. 
i=l “4-1 a 


Therefore, Vy < k | f’(x)|dx holds. Now, since the continuous functions are 


dense (in the L;-norm) in Lı ([a, b]) (Theorem 25.3) and the functions of the 
form 


n 
$ LS 4X10: 
i=l 


where a = tọ < ti < --- < tn = b is a partition of [a, b], are dense (in the 
Lı-norm) in C[a, b], these functions are also dense in L, (la, b]). Thus, given 
€ > 0, there exist a partition a = tọ < ti < --- < t, = b and real numbers 
ai, .--, an SO that d = X` ;—1 di Xan) satisfies || — Sgn f’ ||, < £. In view of 
\(—1 v @) A 1 — Sgn f'| < I$ — Sgn f'|, we can assume that |¢(x)| < 1 holds 
for all x € [a, b]. Moreover, we have 


b n ti n 
f oora Ya f Pod Y alse- fe] 


G1 
n 
< |F) -— fei) | < Vy. 
i=l 
Next, choose a sequence {Øn} of step functions of the previous type satisfying 


$n — Sgn f’ a.e. (see Lemma 31.6 of the text). In view of |, f’| < | f’|, the 
Lebesgue Dominated Convergence Theorem implies 


b b 
ih if @ldx | f(x) Sgn f(x) dx 


II 


b 
lim í n(x) f'(x)dx < Vy. 


Thus, Vs = f’ | f’(x)| dx holds. 
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It is interesting to observe that Vy = |w¢|((a, b]) also holds. To see this, let 
a= <fi <- <f, = b bean arbitrary partition of [a, b]. Then, we have 


> |f@) — f(t] = Serti ti)) | 
1=1 i=) 
< X lupl(Iti-1,t)) = ley I(la, 41), 
i=l 


and so Vy < iu rl(La, b)). On the other hand, if E}, ..., E, are pairwise disjoint 
Borel subsets of [a, b], then 


Sexe = S fax | < a | f(x)| dx 
G= i i=l i 


i=l 


b 
< | |od =v, 


holds, which (by Theorem 36.9) implies that | ș|([a, b]) < Vy. Consequently, 
\ur\([a, b]) = Vy holds. 


Problem 39.14. For a continuously differentiable function f:[a,b] —> R es- 
tablish the following properties: 
a. The signed measure u ș is absolutely continuous with respect to the Lebesgue 
measure and dus /dd = f' a.e. 
b. Ifg:[a,b] — Ris Riemann integrable, then gf’ is also Riemann integrable 
and 


b 
J gdus = | g(x) f(x) dx. 


Solution. (a) By Problem 39.7, we know that f is absolutely continuous and 
so (by Theorem 39.12) up is absolutely continuous with respect to the Lebesgue 
measure. Now, combining Theorems 39.14(2), 39.8, and 39.4, we see that 


d 
“Lt = Dus = f' ae. 


(b) Since f’ is a continuous function and g is Riemann integrable, it follows 
that gf’ is also Riemann (and hence Lebesgue) integrable over [a,b]. From 
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us(A) = f, f’ dd for every Borel subset A of [a, b] and Problem 22.15, we see 
that 


b 
cf edu; = | ef'dr= | g(x) f(x) dx. 
[a,b] [a,b] a 


Problem 39.15. For each n consider the increasing continuous function fn: R 
— R defined by 


] ke 0: 
fr(x) = rox=—1)+1 if 1-i<x<1l, 
0 yok Sia 


If f:R > R is a continuous function, then show that 


a. f is uf -integrable for each n, and 
b. lim ffdu, = f). 


Solution. Note that Suppu, = [1 — L, 1]. This easily implies that f is 


H f,-integrable for each n. In addition, note that f'(x) = n holds for each 
— + <x < 1. By the preceding problem, we see that 


[ee f(x)dx 
<. 


n 


[tans = [_foontas = [nods = 


Therefore, by the Fundamental Theorem of Calculus, we infer that lim f fd f, = 
fa). 


Problem 39.16. Let f:R —> R be a (uniformly) bounded function and let 
E={x eR: f'(x) exists in R}. 
If (E) = 0, then show that à ( f(E)) = 0. 
Solution. For each natural number n , let 
E, = fa € E: |f(x)- f(a)| < n|x — a| forall x € R}. 
Since f is bounded, it is easy to see that E = Ure, En, and so f(E) = 
Un=1 f (En) (see Problem 1.1(6)). Thus, in order to establish that À ( f(E)) =0, 


it suffices to show that A(f(E,)) = 0 holds for each n. To this end, fix n and 
e>O0. 
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From A(E) = 0, we obtain A(E,,) = 0, and so there exists a sequence of open 
intervals {(by — rx, bx +r,)} satisfying 


oo o0 
En C Je =e, be + re) and DDI < 6, 
k=1 


> 
II 
me 


Now, note that if a € E,,, then there exists some m with |b, — a| < rm, and 
hence | f (bm) — f(a)| < n|bm — a| < nrm holds. It follows that f(E,) € 
rer (f (bx) — nrk, f(bx) + nrg). Therefore, 


NAb) — nrg, f(b) + nrg)) = 2n Er. < 2ne. 
k=l Kl 


Since € > 0 is arbitrary, we infer that A( I (E,)) = 0, as desired. (Compare this 
problem with Problem 18.9.) 


Problem 39.17. This problem presents an example of a continuous function 
f:R — R which is nowhere differentiable; this example should be compared 
with Problem 9.28. Consider the function ġ: [0,2] —> R defined by $(x) = x if 
O0<x < land o(x) =2-xif1 <x <2. Extend ¢ to all of R (periodically) 
so that ¢(x) = (x + 2) holds for all x € R. Now, define the function f: 
R > R by 


Show that f is a continuous nowhere differentiable function. 


Solution. Since the series Deala converges and 0 < ¢(x) < 1 holds for 
all x, it is easy to see that the sequence of partial sums of the series f(x) = 
Encol)" 9(4"x) converges uniformly to f on R. So, by Theorem 9.2, f is a 
well-defined continuous function. 

Now, fix xo € R. The proof of the nondifferentiability of f at xo will be based 
upon the following property of differentiable functions. 


© Ifh:(a,b) > R is differentiable at some xo € (a, b) and u = h'(xo), then 
for each € > O there exists some 5 > O such that whenever x, y € (a, b) 
satisfy x < x9 < y and y — x < ô, then [An -u| <e. 
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This conclusion follows easily from the inequalities 


eee ~ u! $ | Lo=taoeo et theo hee] 


y-x y-x 
2 [Aenea ed ,|2=0| q [Aao -ho uxo) , | xox 
= Wii) y-x Xo—x y-x 
h(y)—h( h(io)—h@) 
< | Ahon) - p| A, ane. - yl. 


Now, for each natural number m, then there exists a unique integer km such that 
km < 47x09 < km + 1. Let 


sae ke E i SEa 1); 


and note that Sm < Xo < tm holds for each m. From tm — Sm = 4 ™, we see that 
lim t, = lim s,, = Xo. 

The reader should keep in mind that if p and q are two integers, then ¢(p) — 
(4) = 0 if p — q is an even integer and |¢(p) — $(q)| = 1 if p — q is an odd 
integer. Next, observe that if n is a non-negative integer, then 4” tm — 4” Sm = 47". 
So, from the definition of ¢, we have: 

a. ifm > m, then 6(4"t,,) — 6(4"5m) = 0, 

b. ifn =m, then O(4"t,) — 6(4"Sm) = 1, and 

c. if0 <n <m, then d(4"t,) — (4 Sm) = 4". 


Therefore, for each m we have 


|S n) — f(5m)| = a (4"tm) — a 
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40. THE CHANGE OF VARIABLES FORMULA 


Problem 40.1. Show that an open ball in a Banach space is a connected set. 
That is, show that if B is an open ball in a Banach space such that B = O; UQ) 
holds with both ©, and © open and disjoint, then either O, = or 


O, = Ø. 


Solution. Let B bean open ball in a Banach space. Assume by way of contradic- 
tion that there exist two nonempty open sets O, and O2 such that B = O; UO) 
and O,; N O2 = Ø. Fix two elements a € O; and b € Qn», and then define 
the function f:[0, 1] —> B by f(t) = ta + (1 — t)b. Clearly, f (0) = b and 
f(1) =a. Moreover, in view of the inequality 


IFO- FO = |e- sa + (s — Db|| < (lall + dll) It — sl, 


we see that f is a (uniformly) continuous function. 

Let a = inf{t € [0,1]: f(t) € Oı}. Choose a sequence {œn} of [0, 1] 
with a, — a and f(a,) € O, for each n. By the continuity of f we have 
f (Gn) > f(a). Since O2 is openand disjoint from O4, it follows that f(a) ¢ O2. 
In particular, œ > 0 must hold. Thus, there exists a sequence {£} of real numbers 
with 0 < a < œ foreach n and f, —> a. By the definition of a, we see 
that f(n) € O2 holds for each n, and hence, as above f(a) ¢ O;. Now, note 
that 


f(a) Oi U O2 = B 
holds, which is impossible. 


Problem 40.2. Let T:V —> R* be C!-differentiable. Show that the mapping 
x + T'(x) from V into L(R*, RÝ) is a continuous function. 


Solution. We know that 


7) 5 tuC) 
T'(x) = n 
mo) vi g) 


So, if a = (a,,...,a,) € R* satisfies |lal|. = (i a?)? = 1, then using the 
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Cauchy—Schwarz inequality, we see that 


Papa 


k 
=| j=l 
k 


aol 
(Dw - o). (S a)] 
E 


I(r’ - roel, Hoaf) 


IA 
E 


i=] =l 


k | 
=. ye af) 
i=] j=l 
Consequently, 
|Z’) -T'O = supfhT' œ — T'OJalz: lalz = 1} 


IA 


(SUI [iw - ZO) o 


for each pair x, y € V. This inequality, coupled with the fact that T: V —> R“ 
is C'-differentiable, implies that x —> T’(x) from V into L(R‘, RÝ) isa 
continuous function. 


Problem 40.3. Show that the Lebesgue measure on R? is “rotation” invariant. 
Solution. A “rotation” of the plane is a linear operator T:R? —» R? whose 


representing matrix A is orthogonal (i.e., it satisfies AA’ = A'A = /). Any such 
orthogonal matrix is of the form 


j cos@ sinô 
~ | —sin@ cosé |” 


where 6 represents the angle of rotation; see Figure 7.2. 
In particular, note that det A = 1. Thus, by Lemma 40.4, we see that 


A(A(E)) = [det A|A(E) = A(E) 
holds for each Lebesgue measurable subset E of RR’. 
Problem 40.4 (Polar Coordinates). Let 


E = {(r,0) € R°: r > 0 and 0 < 9 < 27}. 


Section 40: THE CHANGE OF VARIABLES FORMULA 397 


FIGURE 7.2. Rotation by an Angle @ 


The transformation T: E —> R? defined by T(r, 0) = (r cos@,r sin 9), or as it is 
usually written 


x=rcos6 “and y=rsind; 


is called the polar coordinate transformation on R?, shown graphically in 
Figure 7.3. 
a. Show that 0\(E \ E°) = 0. 
b. IfA = {(x,0): x => 0}, then show that A is a closed subset of R? whose 
(2-dimensional) Lebesgue measure is zero. 
c. Show that T: E° > R? \ A is a diffeomorphism whose Jacobian determi- 
nant satisfies Jr (r, 9) =r for each (r, 0) € E°. 
d. Show that if G is a Lebesgue measurable subset of E with A(G \ G°) = 0, 
then T (G) is a Lebesgue measurable subset of R?. Moreover, show that if 
fe Lı(T(G)), then 


I CA E Tf f(r cos6,rsin@)r dr dé 
T(G) G 
holds. 


FIGURE 7.3. The Polar Coordinate Transformation 
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Solution. (a) If we consider the sets X = {(r, 0): r > 0), Y = ((r, 2m): r > 0}, 
and Z = {(0,6): 0 < 0 < 2m}, then E\ E° = X UY UZ. To show that 
ACE \ E°) = 0, it suffices to establish that A(X) = A(Y) = A(Z) = 0. 

Let X, = {(r7,0): 0 < r < nj) and Y, = (A2): 0 < r < vj. In view 
of X, C [0,n] x [—e,e] and Y, C [0,n] x [2m — e, 2m + £], we see that 
A(X,) = A(Y,,) = 0 holds for each n. Since X, t X and Y, f Y, it follows that 
MK) = AY) = 0, 

Also, the inclusion Z C [—e, £] x [0, 27] implies A(Z) < 4re foreach £ > 0, 
and thus A(Z) = 0. 

(b) This is proven in part (a) previously. 
(c) Clearly, T: E° —+» R*\A is one-to-one, onto, and C'!-differentiable. The 
Jacobian determinant is 


a ay 
Jr(7, 0) = det| & s, | = det| a aad |= 


ox ay -r Si rcos@ 
ye rsin@ co 


which implies that J7(r,@) = r # 0 holds for each (r, 6) € E°. The preceding 
are enough to guarantee that T: E° — R? \ A is a diffeomorphism. 

(da) Clearly, G° C E°. Thus, by part (c), T (G°) is an open subset of R? \ A and 
T:G° —> T(G°) is a diffeomorphism. 

Since T:R? — R? (defined by T(r, 9) = (r cos9, r sin6)) is a C!-diffeo- 
morphism, it follows from Lemma 40.1 that 4(T(G \ G°)) = 0. Now, if we 
consider the sets A = G, B = T(G), V = G°, and W = T(G°), then 
A(A \ V) = A(G \ G°) = 0 and A(T(G)\T(G°)) < A(T (G \G°)) = 0 both 
hold. Thus, Theorem 40.8 applies and gives us the desired formula. 


Problem 40.5. This problem uses polar coordinates (introduced in the preceding 
problem) to present an alternate proof of Euler’s formula ie e* dx = fmf. 


a. For eachr >0, let C, = {(x, y) € R?:x? + y?<r?, x>0, y>0} and 
S, = [0,r] x [0,r]. Show that C, CS, E C, 75. 
b. If f(x, y) = e+, then show that 


fars | tars | fda, 
C, S, C, 


where i is the two-dimensional Lebesgue measure. 


c. Use the change of variables to polar coordinates and Fubini’s Theorem to 
show that 


5 r 
f,dd= Í l ardido = ~(1—e7"). 
C, o Jo 4 
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FIGURE 7.4. 


d. Use (b) to establish that 
r 2) 
za- <( i edz) = er) 
and then let r —> œœ to obtain the desired formula. 


Solution. (a) Geometricall y the three sets are as shown in Figure 7.4. 
(b) Since f(x, y) = e-’+y") > 0 holds for all (x, y), we see that 


XG, SKS) KGa: 


and the desired inequality follows. 
(c) Consider the polar coordinates transformation described in the preceding prob- 
lem. For the set G = {(t, 9): 0 <t <r and 0 <6 < 3}, we have 


fias Sar= f f (coso, tsinoy dr ao 
E, 


-[ fe tdt do = Z (1 — e7”). 
(d) Note that 


E = f ea dy = (a dx) (fa dy) 
= (fe dx). 
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Thus, using (b) and (c), we see that 


Hi-er) s(f tar) E 
0 


SIR 


and by letting r —> oo we get le to dx)” = 
Problem 40.6. In Rt, “double” polar coordinates are defined by 
x=rcosðô, y=rsinð, z=pcosd?, w= psinġ. 


State the change of variables formula for this transformation, and use it to show 


that the “volume” of the open ball in Rt with center at zero and radius a is 


E 
50a". 


Solution. The transformation T:R — Rt is given by 
T(r, 0,9, $) = (rcos6,r sind, pcos¢, p sin dg) 


for each (r, p, 6, ġ) € Rt. Its Jacobian determinant is 


cos 0 sin ĝ 0 0 
ae 0 cos $ sing a 
P) = det _ sing reosd 2K to 0. ae 
0 0 —psing pcosd 


Write R = R? x R’, and consider the Lebesgue measure on R‘ as the product 
measure of the corresponding Lebesgue measures on the two factors. Fix a > 0, 
and let 


E={(r,):r >0, p20, and r? +p? <a} 
and 
F = (0, 27] x [0, 27] C R?. 


Put G = E x F C R? x R? = Rô, and note that T(G) = B, the open ball 
of R* with center at zero and radius a. Now, if C = {(r, o): rp = 0} € R? 
and D = {(r,p,0,0): r > 0, p > 0} C Rê, then both sets are closed in their 
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corresponding spaces and their corresponding Lebesgue measures are zero. Thus, 
if 

V = \G@)x [(0, 27) x (0, 27) | and W = B\D, 
then both V and W are open subsets of R‘ and T:V —> W isa diffeomor- 
phism (onto). Since A(G\V) = A(B\W) = 0, Theorem 40.8 combined with 
Fubini’s Theorem shows that 


Volume of B = TOCE da= f ff f roar apdoag 
B T(G) G 
= [([ rear) ax = 4r? [roar dp 
E\JF E 


a. Arn, a aa 244 
= 4n: g = 5N'a. 


Problem 40.7 (Cylindrical Coordinates). Let 
E = {(r,0,z) E€ R?: r > 0, 0 <0 < 27, z E€ R}. 


The transformation T: E > R? defined by T(r, 6, z) = (r cos 0, r sin, z) or as 
it is usually written 


=r VSrgm ZSA 


is called the cylindrical coordinate transformation, shown graphically in 
Figure 7.5. 


a. Show that A(E \ E°) = 0. 
b. IfA = {(x,0,z) € R°: x > 0, z € R), then show that A is a closed subset 


of R? whose (three-dimensional) Lebesgue measure is zero. 


FIGURE 7.5. The Cylindrical Coordinate Transformation 
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c. Show that T: E° —> R? \ A is a diffeomorphism whose Jacobian determi- 


nant satisfies Jr(r,@,z) =r for each (r, 0,2) € E°. 
d. Show that if G is a Lebesgue measurable subset of E with MG \ G°) = 0, 
then T(G) is a Lebesgue measurable subset of R?. Moreover, show that if 


f €L\(T(G)), then 


f far= | f f Fi coso, r sind, z)rar d0 dz 
T(G) G 


holds. 
Solution. Repeat the solution of Problem 40.4. 


Problem 40.8 (Spherical Coordinates). Let 
E = {(r,0,¢) € R®: r>0, 0< 0 <27, 0<¢ <r}. 


The transformation T : E + R? defined by 
T(r, 8, d) = (rcos@ sing, r sin sing, r cos ø), 


or as it is usually written 


x=rcos@singd, y=rsinésing, z=rcos¢, 


is called the spherical coordinate transformation, shown graphically in 


Figure 7.6. 


a. Show that X(E \ E°) =0. 
b. Jf A={(x,0,z): x = 0 and z € R}, then show that A is a closed subset 


of R? whose (3-dimensional) Lebesgue measure is zero. 


FIGURE 7.6. The Spherical Coordinate Transformation 
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c. Show that T: E° —> R? \ A is a diffeomorphism whose Jacobian determi- 
nant satisfies Jr(r, 0, ġ) = —r? sing. 
d. Show that if G is a Lebesgue measurable subset of E with AG \ G°) = 0, 


then T(G) is a measurable subset of R?. In addition, show that if f € 
L\(T(G)), then 


par= [ff f(rcos@ sing, r sin@ sing, r cos @)r? sing dr d0 dọ 
G 


T(G) 


holds. 


Solution. Repeat the solution of Problem 40.4. 
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